Just some trivial notes on Valéria de Paiva and Gavin
Bierman’s “On an Intuitionistic Modal Logic” (2000).
http://www.cs.bham.ac.uk/~vdp/publications/studia.ps.gz
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“Box” commutes with “and”
O(A x B) > (JA x OB) and (A x OB) o 0O(A x B):

[O(A x B! [B(A x B)]!
Ax B Ax B
OAxB) A O(AxB) B
0OA 1 OB :
OA x OB
04" [OB]
OAxOB OAxOB A B
0A OB AxB
O(A x B) 1

but the two maps between (A x B) < (0A x OB)
need not be inverses.
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Categorical structure (1)
Monoidal functor:

OAxO1 2 0(Ax1) 01 x OA 2 0(1 x A)
idxml/ \Dﬂ my xicy \Dﬂ'
O0Ax1 0A 1 x0OA4 0A

/
ﬂ' us

OA x (OB x OC) %> (DA x OB) x OC ~ OAx OB —"> (A x B)

idej/ ilmxid vi \LDA/

O0A xO(B x C) 0(A x B) x OC OB x 0A ——0O(B x A)

TYL\L ¢77L

D(AX(BXC))? ((Ax B) x C)

Comonad:
OA s
S~ s 5
id /DDA 0A ——0O0A —= 0O00A
06

Monoidal comonad:

OAxOB—"s=0(AxB) OAxOB>0O(AxB)

5x5j/ \Le
eEXE

00OA x OOB 5 Ax B
O(0OA x OB) = OO(A x B)
1

01 11— > ——— 0O
Om

id

~
<

1

2008modallogic July 23, 2008 22:36



Categorical structure (2)

Monad:
0A on
. % p -
id O0A OA<——00A 5 000A
"
ed
Strength:
01 x 04 —95 1 x 04 DA x 00B —2" » 04 x OB
Str\L str\L
<>(|:|1 X A) T2 O(DA X OB) str
O(EXid)‘L OStr\L
O(1 x A) s 0A 00(0A x B) ——= O(0A x B)
OA x (OB x ¢C) —— (OA x OB) x OC
idxstr\L . OAx B
OA x (OB x C) e L
str |, O(A x B) x OC n OA x OB
O(0A x (OB x C)) . "
oal| ‘ O(0A x B)

O((0A x OB) x C) O(0(A x B) x C)

w(mxid)
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The natural deduction rules, categorically

r

l

0A
04, x 04,  O(0A4; x OA,) l
A

‘Mi o
004, x O0A, O(B)
r O(OA x B)
A l /S“/ i
" OAx OB O(OC)
OA %;/
oC
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Notes on Reyes & Zolfaghari’s paper

Let W be a set of worlds, and let D be a DAG on W.

D induces a reflexive and transitive relation R C W x W —
(a — B) eDiff aRB — “a sees 7.

(W, R) is an S4-ish modal frame.

We can regard W and D as topological spaces:

W is discrete, D has the topology in which the open sets are
the ones whose characteristic functions are non-decreasing.
The “identity” function W — D is continuous.

Consider these toposes: Set" and Set”.

The truth-values of Set" are the things that I call the
“modal truth-values” on D: they correspond to

arbitrary functions W — {0, 1}.

The truth-values of Set” are the things that I call the
“intuitionistic truth-values” of D: they correspond to
non-decreasing functions W — {0, 1}.

There is a geometric morphism Set"V — Set”.

‘0" and ‘¢’ are endofunctors that act on the space

of truth-values of Set".

The intuitionistic truth-values are the ones that are

stable by the action of [.

Hypothesis:
or—2 1%
0 1
l l
0 0 ‘.>
10<—10 Set" <= Set?
1 1 =
O
l l
1
for—1%
1 o 1
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Beta-reduction rules

[aj:A]1 T
M:B o701 N:A T
N:A (M:AM):A— B 87
(A : AM)N : B - Mlz:=N]: B
M:A N:B 7
(M,N>:A><B/\/\g
fst(M,N): AxB "' gy M:A
[: A T [y:B' A
M:A : : M:A T
inl(M): A+ B N:C P:C P :
case inl(M) of inl(z) — N |[inr(y) = P "C ~p Nlz:=M]:C
r [#: OA]! T
NiOA N:B v
_ o701 M : DA
box N with M for #: OB Qe :
unbox(box N with M for Z : OB) ~3 N[Z:=M]:B
A r A
r : [Z:0Ay: B! : :
N:B or : M:0OA N:B
M:0A4 ON:0B P:OC 01 :
P[#:= M, 0y := ON] : OC "~ P[E:=M,y:=N]:0C
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