
1If L and R are (proto-)fun
tors going in opposite dire
tions between two(proto-)
ategories, say, B oo LR // Athen a proto-adjun
tion, L a R, is an 8-uple,(A;B; L;R; [; ℄; �; �)that we draw as: LRBB"B �� ARLA�A��LA Aoo �LABf[ ��LABg �� ARBf��ARBg℄��oo �� //B RB� //B Aoo LB AR //There is some redundan
y in this de�nition, as we may re
onstru
t some ofthe entities [, ℄, �, � in terms of the other ones:LA Aoo �LA
Bf[ :=Lf ;"B ��
LALRBLf �� ARBf��oo �LRB RB� //LRBB"B �� ARLA�A��LA RLA� //LABg �� RLARBRg��

A
RB g℄ :=�A;Rg��� //B RB� //B RB"B //

LRB RBoo �LRBB"B :=idRB[ �� RBRBidRB��B RB� //oo � LA Aoo �LALAidLA �� ARLA�A :=idLA℄��LA RLA� //� //
A protomonad for a proto-endofun
tor T : A! A is a 4-uple:(A; T; �; �)that we draw as: A �A // TA oo �A TTAA proto-
omonad for a proto-endofun
tor S : B! B is a 4-uple:(B; S; "; Æ)2009dn
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2that we draw as: B oo "B SB ÆB // SSBEa
h proto-adjun
tion indu
es both a proto-monad and a proto-
omonad.We draw all these together as:LRLRBLRBOOÆBLRBB"B �� ARLA�A��RLARLRLAOO �A
LA Aoo �LABf[ ��LABg �� ARBf��ARBg℄��oo �� //B RB� //B Aoo LB AR //We de�ne �A := R(idRLA[) and ÆB := L(idLRB℄):idRLA : RLA! RLAidRLA[ : LRLA! LA�A := R(idRLA[) : RLRLA! RLA idLRB : LRB ! LRBidLRB℄ : RB ! RLRBÆB := L(idLRB℄) : LRB ! LRLRBWe have seen how a proto-adjun
tion indu
es a proto-monad; now we willsee how a proto-monad indu
es two proto-adjun
tions.The Kleisli proto-adjun
tionTheKleisli proto-
ategory of a proto-monad (A; T; �; �) is the proto-
ategory:AT := ((AT )0;HomAT ; idAT ; ÆAT )where (AT )0 is equal to A0, ut we write the obje
ts of (AT )0 in a funny way:an obje
t A 2 A be
omes [A //__ TA℄when we regard it as an obje
t of (AT )0.A morphism in HomAT ([A //__ TA℄; [C //__ TC℄) is just a map f : A ! TCin HomA(A; TC). We write it as [f ℄ : HomAT ([A //__ TA℄; [C //__ TC℄) to stressthat its (formal) type is di�erent from f .The identity operation, idAT , is the � (the \unit") of the monad in disguise:idAT ([A //__ TA℄) := [�A℄2009dn
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3Note that: A : A0�A : A! TA[�A℄ : [A //__ TA℄! [A //__ TA℄idAT ([A //__ TA℄) : HomAT ([A //__ TA℄; [A //__ TA℄) renThe 
omposition, ÆAT , needs a tri
k: if f : A ! TC and g : C ! TE then[f ℄; [g℄ := [f ;Tg;�E℄. In diagrams:[A //__ TA℄[A //__ TA℄id=[�A℄�� A TA�A ��??????????[A //__ TA℄[C //__ TC℄[f ℄��[C //__ TC℄[E //__ TE℄[g℄��
[A //__ TA℄
[E //__ TE℄ [f ℄;[g℄ :=[f ;Tg;�E ℄��

A TCf ��??????????C TC//___C TEg ��?????????? TC TTETg ��??????????E TE//___ TE TTEoo �EThe dashed arrow in, say, [A //__ TA℄, is to suggest three things:that morphisms in AT follow the dirre
tion of the ` //__ ',that a morphism A! TA is not part of the de�nition of an obje
t [A //__ TA℄,that the ` //__ ' is the ghost of the unit of the monad | the unit would gofrom A to TA, but it is not used in the de�nitions; nevertheless, its memoryremains.
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4We 
an draw the Kleisli (proto-)adjun
tion as:
[A //__ TA℄ Aoo �[A //__ TA℄[C //__ TC℄f[:=[f ℄ ��[A //__ TA℄[C //__ TC℄[g℄ �� ATCf��ATC[g℄℄:=g��oo �� //[C //__ TC℄ TC� //AT Aoo LTAT ART //

[TTC //__ TTTC℄[TC //__ TTC℄OO�?[TC //__ TTC℄[C //__ TC℄
 �� ATA�A��TATTAOO �A
The Eilenberg-Moore proto-adjun
tionThe Eilenberg-Moore proto-
ategory for a proto-monad (A; T; �; �) is:AT := ((AT )0;HomAT ; idAT ; ÆAT )where an obje
t of (AT )0 is a pair (A;�) (a \proto-algebra"), that we write as:[A oo � TA℄We use a non-dashed arrow, ` oo ', to stress that the map � : HomA(TA;A) ispart of the de�nition of the obje
t.A (proto-)morphism f : [A oo � TA℄ ! [C oo 
 TC℄ is just a morphism f :HomA(A;C). The identity idAT and the 
omposition ÆAT are de�ned in theobvious way (inherited from A).The Eilenberg-Moore adjun
tion 
an be drawn as:

[TA oo �A TTA℄ Aoo �[TA oo �A TTA℄[C oo 
 TC℄f[:=Tf ;
 ��[TA oo �A TTA℄[C oo 
 TC℄g �� ATCf��ATCg℄:=�A;g��oo �� //[C oo 
 TC℄ TC� //AT Aoo LTAT ART //
[TTC ooTT
 TTTC℄[TC oo T
 TTC℄OO�?[TC oo T
 TTC℄[C oo 
 TC℄
 �� ATA�A��TATTAOO �A2009dn
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5where [two triangles showing the transpositions℄:
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