CWM2
II. Constructions on Categories
p-45: 6. Comma Categories

Fix C, b € C. The category (b ] C) of objects under b has

objects like (f,c), where c€ C and f: b — c.

Fix C, a € C. The category (C | a) of objects over a has

objects like {c, f), where c € C' and f : ¢ — a.

Fix C, D,be C. S: D — C. The category (bl S) of objects S-under b has
objects like (f,d), where d € D and f : b — Sd.

Fix C, E,a€ C. T: E— C. The category (T | a) of objects T-over a has
objects like (f,d), where d € D and f : b — Sd.

Fix C, D, E, and S, T with E % ¢ £ D. The comma category (T,5) has
objects like (e, d, f), where d € D, e € E and f : Te — Sd.

An object b € C' may be regarded as a functor b : 1 — C with image b.
A category C may be regarded as the identity functor C' — C.

We have:

(b ] C) has objects like (x,¢, f), where c€ C and f : b — c.

(C' | a) has objects like (¢, *, f), where c € C and f: ¢ — a.

(bl S) has objects like (x,d, f), where d € D and f : b — Sd.

(T | a) has objects like
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CWM2
ITI. Universals and Limits
p-55: Definition: universal arrow from ¢ to .S

FixD, C,S:D—-C,reD,ce(C.
Then we have functors
D(r,—): D — Set and
C(c,S—): D — Set.
Every w:c— Srinduces a NT (S —ou) : D(r,—) — C(cS-),
(S—ou)d : D(r,d) — C(c Sd)
= Sfou.

We say that a pair (r,u) is a universal arrow from c to S
when (S — ou) (i.e., AddAf’.Sf' ou) is a natural isomorphism, i.e., when
every (S —ou)d (i.e., A\f’.Sf’ ou) is a bijection.

D—=> ¢

C

iu
% Sr Sf'ou
s
S

ISH

2017cwm-adjoints July 24, 2017 00:47



CWM2
ITI. Universals and Limits
p-58: Definition: universal arrow from S to ¢

FixD,C,S:D—-C,reC,ceC.
Then we have functors
D(—,r) : D°? — Set and
C(S—,¢,) : D°P — Set.
Every v: Sr — cinduces a NT (voS—) : D(—,7) — C(S—,0¢),
(voS—)d : D(d,7) — C(Sd,c)
= wvoSf.

We say that a pair (r,v) is a universal arrow from S to ¢
when (vo S—) (i.e., AddAf".v o Sf’) is a natural isomorphism, i.e., when
every (vo S—)d (i.e., A\f'.vo Sf’) is a bijection.

(S—ou)
-

C(S—,C) D(—vT)

C(Sd, ) f(‘T;‘)d D(d,r)
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CWM2
ITI. Universals and Limits
p-57: universal element

Fix D, H : D — Set.
A universal element of H is a pair (r,e)
Then we have a functor
D(r,—): D — Set.
Every e € Hr, which can be seen as an arrow e : * — Hr,
..induces a NT ((H—)e) : D(r,—)? = C(c¢,5-)?,
(H=)e)d : D(r,d) — Hd
f = (Hf)e?.

We say that a pair (r,u) is a universal arrow from c to S
when (S — ou) (i.e., AddAf'.Sf' ou) is a natural isomorphism, i.e., when
every (S —ou)d (i.e., A\f’.Sf’ ou) is a bijection.

D—* . Set
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(Fh)"f
= foFh

CWM2
IV. Adjoints
p.-79: Adjunctions

Fix X, A, F: X —>A G: A— X.

Then we have functors
A(F—,—): X°? x A — Set and

X(—,G—): X x A — Set.

An adjunction from X to A is a triple (F,G,¢) : X — A

where ¢ : A(F—,—) — X(—,G—) is a natural iso, i.e.,
for all x € X, a € A this is a bijection: ¢, 4 : A(Fz,a) - X(z,Ga)
and ¢ is natural in the sense that...

(F,G,p): X =~ A

F
A== X

F
Fogl <7/

|

F
Fr<——zx

Fh

h*g:=
goh

(Gk)xg

:= Gkog

A(Fa/, a)gaX(m', Ga)

(Fh)* h
A(Fz,a) 7 X(z,Ga)
A(Fz,a) £ X (z, Ga)
Ky (GEk)«

A(Fz,d) ;> X(z,Gd’)

z,a’
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(Fh)*f =
=foFh h*(¢f) =
(pf)oh
(Fh)*

. l(Gk)*

(GE)s(¢f)
=Gkopf

w gl f)



kofoFh

CWM2
IV. Adjoints
p.-79: Adjunctions - the naturality of ¢

Fix X, A,F: X > A G:A—> X, (F,G,p): X —~ A

Remember that we have functors

A(F—,—): X°? x A — Set and

X(—,G—): X°? x A — Set

and ¢ : A(F—,—) — X(—,G—) is a natural transformation (a natural iso)...
Let (h, k) : (z,a) — (2’,a’) be a morphism in X°P x A.

The naturality of ¢ is easier to see in this diagram:

(F,G,p): X = A

F
A=————X
G
Fo' —F & A(F—, =)z, a) 22 X (=, G=)(z, a)
Fh\L ih A(F7,7)<k,h)¢ i/X(f,Gf)(k,m
Fr<—" 2 A(F=, =)', d) = X (=, G=) (')
fi — iwf gkop foh 90@' 7
a l+- Ga A(Fz,a) ——— X(x,Ga)
k\L in A(Fh,k)\L i/X(h,Gk)
a’TGa’ A(Fz',a") ———— X(a/,Gd’)
ot
A(F_v_)iX(_vG_) fI <Pf
@
Pz —V(
A(Fz,a) == X(z,Ga) gkopfoh
Pzx,a

kofoFht+———— (ko foFh)
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CWM2
VI. Monads and Algebras
p-137: Monads

Fix X, T: X - X,pu:T> 5T, n:Ix >T.
Then we can make a diagram:

Y LS r—2 o Tr < T2,
T g2 T s ALy - M
nTJ \id\ luT n(Tw)J \id\ pw w(Tz)
T2 T T2 T2 — > Tax < T?x
B B T s

A monad T = (T, n, 1) in a category X is a triple as above
that obeys ponT =Ix =poTnand poTp = poul.

2017cwm-adjoints July 24, 2017 00:47



CWM2

VI. Monads and Algebras
2. Algebras for a monad
p-140: T-algebras

Fix X and a monad T'= (T, n, u) in X.
A T-algebra is a pair (z,h) withz € X and h: Tax — z
that obeys id, = honz, houx =hoTh:

7% nw n

Tz T2z
h

T2z x
R\ J h LTh or idl / %
Tx T

~—Tx
h h

A morphism f: (x,h) — (2/, ') (in the category X7 of T-algebras)
is a morphism f : x — 2’ obeying foh =h'oTf.

h
r<—Tx

fl Lw

Z'/ T TCBI
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CWM2
VI. Monads and Algebras
First examples

Let M be a monoid.

We will call its identity e and its elements a, b, ¢, etc.

Multiplication in M will be written as ab.

Let Q, R, S be (arbitrary) sets.

Then T = (xM) : Set — Set and (xM,n, 1) is a monad on Set, where:
nS 8§ = SxM q wS  (SxM)YxM — SxM

s > (se) an ({s,a),b) — (s, ab).
In A-notation they are n = AS.As.(s,e) and p = AS.A((s,a),b).(s, ab).
Note that the conditions on n and u, that we gave abstractly as:

nw

nx
T Tx

T%x

Tx HT(UI) T?z <—T(M) T3z

n(Tx)L \id kur lu(Tﬂc)
N\

T2y —— Tz <~— Tz
nx nx
become:

Q> <Qa 6> <Q7 ab> <~ <<Q7 CL>, b>

(g,0) ——({g,¢),a) (¢, ab),c) =—({(q,a),b),c)

N
(g, (ab)c)

(q,qe)
{{g,a), e) (g,

(q

&l (g, a(be)) < ({g, a), be)
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CWM2
VI. Monads and Algebras
First examples (2)

Fix a monoid M and sets @, R.

An action of M onaset Qisamap h : QxM — Q
(ga) — qa

obeying g(ab) = (ga)b and ge = q.

An action of M on aset Risamap h' : RxM — R
(r,a) — qa

obeying r(ab) = (ra)b and re = r.

Note that we don’t write h or h'.
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