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From http://angg.twu.net/math-b.html#idarct:

Different people have different measures for “mental space”; some-
one with a good algebraic memory may feel that an expression like
Frob® : Zi(PAFQ) =N X tP A Q is easy to remember, while I al-
ways think diagramatically, and so what I do is that I remember this
diagram [...] and I reconstruct the formula from it.

These are very informal notes showing my favourite ways to draw the “miss-
ing diagrams” in MacLane’s Categories for the Working Mathematician, and
my favourite choices of letters for them. Work in progress changing often, con-
tributions and chats very welcome, etc. I am also doing something similar for
parts of Sketches of an Elephant — see the link “#notes-on-notation” above.

The good parts are the one on Yoneda (pp.7-10), the “interdefinabilities” for
some components of adjunctions (pp.16-17), and the part on monads (pp.18-21).
The rest is a mess.
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CWM2
II. Constructions on Categories
p.45: 6. Comma Categories (in my notation)

The most general case is with functors A EBE .
The comma category (F | G) is

A—=FA—lsGC<—C  (AhC)

i Fl | le i Jie

A+—=FA s go < (ALK, C)

A-Z.B B<S-Cc (FlG)

The obtain the other 8 cases I replace the functors F and G by Idg or Sg,
where Sp : 1 — B is the functor that “selects” the object B — it takes the only
object ® € 1 to B. For example, (Sg,Idg) is:

o B—'sB <« B  (ehB)
LT
o B ' B" \ B" (o, 1, B")
Sp Idg
A—sB——B~<—B (Sglldp)
Shorthands:
1) Use ¢’ in the pairs and triples in the positions where the information
there is trivial — (ide, ) : (e, h, B") — (e, h’, B"”) becomes (_,3): (_,h,B') —
(7’ h/l’ B//)-

2) Use B instead of Sg.
3) Use B instead of Idg.

The correspondence with the names in CWM is:
The comma category (F' | G)

The category (B | B) of objects under B

The category (B | B) of objects over B

The category (B | G) of objects G-under B
The category (F' | B) of objects F-over B

The nine cases:

(FLG) (F1B) (F|B) (F1G) (Flldg) (FISB)
BlG) BIB) BlB) = (dglG) (dglldg) (ldg| B)
(B1G) (BLB) (BlB) (Sp1G) (Ssllde) (SsiSp)
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CWM2
II. Constructions on Categories
p-45: 6. Comma Categories

MacLane uses a notation with lots of names and shorthands.

Fix C, b € C. The category (b ] C) of objects under b has

objects like (f,c), where ¢ € C and f: b — c.

Fix C, a € C. The category (C | a) of objects over a has

objects like {(c, f), where ¢ € C and f : ¢ — a.

Fix C, D,be C. S: D — C. The category (bl S) of objects S-under b has
objects like (f,d), where d € D and f : b — Sd.

Fix C,E,a € C. T: E — C. The category (T | a) of objects T-over a has
objects like (f,d), where d € D and f : b — Sd.

Fix C, D, E, and S, T with F L 0 & D. The comma category (T, S) has
objects like (e, d, f), where d € D, e € E and f: Te — Sd.

An object b € C may be regarded as a functor b: 1 — C with image b.
A category C may be regarded as the identity functor C' — C.

We have:

(b | C) has objects like (x,c, f), where c€ C and f: b — c.

(C | a) has objects like (¢, , f), where ¢ € C and f : ¢ — a.

(b ] S) has objects like (x,d, f), where d € D and f : b — Sd.

(T | a) has objects like
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CWM2
ITI. Universals and Limits
p-55: Definition: universal arrow from ¢ to .S

FixD, C,S:D—-C,reD,ce(C.
Then we have functors
D(r,—): D — Set and
C(c,S—): D — Set.
Every w:c— Srinduces a NT (S —ou) : D(r,—) — C(cS-),
(S—ou)d : D(r,d) — C(c Sd)
= Sfou.

We say that a pair (r,u) is a universal arrow from c to S

when (S — ou) (i.e., AddAf’.Sf' ou) is a natural isomorphism, i.e., when
every (S —ou)d (i.e., A\f’.Sf’ ou) is a bijection.

In MacLane’s and in my notation:

I A

: _ I
T 5" | sfou B———~RB |.ns

T
dl—s> Sd B’ RB’
D 5 c B R,

D(r,—) E=2 (e, 5-)
’ () ’ (B,-) (A,R-)

(S—ou)d
D(r,d) = C(c, Sd) (B,B') — (A,RB)

As comma categories (universal arrows are initial in comma categories):

*b—>c —> Sr <7 (r,u) o—>A-—"~RB<+4B (_,u,B)

Pl ) L L T
$—>c¢c——>Sd<—d  (d f) o—>A-2>RB' <iB" (_,9.B)
1-C==C<>D (cl9) 14 A—AL B (S4LR)
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CWM2
ITI. Universals and Limits
p-58: Definition: universal arrow from S to ¢

FixD,C,S:D—-C,reC,ceC.
Then we have functors
D(—,r) : D°? — Set and
C(S—,¢,) : D°P — Set.
Every v: Sr — cinduces a NT (voS—) : D(—,7) — C(S—,0¢),
(voS—)d : D(d,7) — C(Sd,c)
= wvoSf.

We say that a pair (r,v) is a universal arrow from S to ¢
when (vo S—) (i.e., AddAf".v o Sf’) is a natural isomorphism, i.e., when
every (vo S—)d (i.e., A\f'.vo Sf’) is a bijection.

(S—ou)
-

C(S—,C) D(—vT)

C(Sd, ) f(‘T;‘)d D(d,r)
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CWM2
ITI. Universals and Limits
p-57: universal element

Fix D, H : D — Set.
A universal element of H is a pair (r,e)
Then we have a functor
D(r,—): D — Set.
Every e € Hr, which can be seen as an arrow e : * — Hr,
..induces a NT ((H—)e) : D(r,—)? = C(c¢,5-)?,
(H=)e)d : D(r,d) — Hd
f = (Hf)e?.

We say that a pair (r,u) is a universal arrow from c to S
when (S — ou) (i.e., AddAf'.Sf' ou) is a natural isomorphism, i.e., when
every (S —ou)d (i.e., A\f’.Sf’ ou) is a bijection.

D—* . Set
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CWM2

ITI. Universals and Limits

p-59: 2. The Yoneda Lemma

The lemma behind Yoneda, in my notation

A

|7

B+—RB
plu
(Bv _) 4S> (A7R_)

There is a bijection between morphisms : A — RB

and natural transformations S : (B, —) — (4, R—).

Dis SCf:=n;Rf,ie., S:=AXC\f.(n; Rf) and D := An.AC.\f.(n; Rf).
U is € := SBidg, i.e., U := AS.SBidp.

We want to check that U(Dn) =n and D(US) = S.

Using just (untyped) A-calculus we can prove U(Dn) = n easily,

but the proof of D(US) = S stops halfway...

(AS.SB(idg)) (A ACAf.(n; Rf)) (1))

(AS.SB(idg))(AC.Af.(n; Rf))

= (ACAf.(n; Rf))B(idg)
(Af(m; Rf))(idB)

= n;R(idp)

= n;idrB

=7

U(Dn) =

DUS) = (AACAL(p; Rf))(SB(idp))
= ACAf((SB(idp)): Rf)

2017cwm November 22, 2017 14:58



CWM2

III. Universals and Limits

p-59: 2. The Yoneda Lemma
The lemma behind Yoneda, in my notation (2)
We need the naturality (a.k.a. the “condition on squares”) of S:

A
i C
n

B+——RB |h g

|

C+—— RC

) | 7o

D+—— RD

which yields (SC'f); Rg = SD(f;g). Substituting [f:—

(B,C) 2% (4, RC) f——> SCf

Ag-(‘f:,g) >\h~(f‘L;Rg) { I
v v (

sp SCf); Ry
(B,D) == (A,RD) fi9—=5SD(f;9)

(B,—) > (A,R-)

C:
D:

-

B
dc;] in that we get

g:

(SB(idp)); Rf = SC(idp; f), and so:

DUS) =

(MACAS (55 Rf))(SB(id))
ACAf.((SB(idg)); Rf)
ACAf.SC(idg; f)
ANCAf.SCf

S.

The last step can be explained as:

D(US)Cf

(ACAf.SCF)CF

(Af.SC)f
= SCf
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CWM2

ITI. Universals and Limits
p-59: 2. The Yoneda Lemma
p.61: Lemma (Yoneda).
Yoneda in my notation:

A 1 1
la r ‘(f
C+——RC C+— RC C—(B,0)

Left part:

Fix categories A and C, a functor R: C — A, and objects A € A, C € C.
We have functors (C,—) : C — Set and (A, R—) : C — Set.

Each map a: A — RC induces a NT T': (C,—) — (A, R—) and vice-versa.
The formulas are T := AD : C.Af : (C,D).(a; Rf) and oo = T (id ),

and the ‘|1’ is a bijection.

Middle part:

We take the left part and substitute A := Set and A := 1.

The functor R becomes a functor from C to Set.

There is a natural iso (‘]’, unnamed) between the functors (1, R—) and R.
We have a bijection between arrows r: 1 — RC (or elements of RC')

and natural transformations 7" : (C, —) — R.

The Yoneda map ‘y’ in ‘[T y’ is a bijection y : Nat((C, —), R) = RC.

Right part:

Choose an object B € C. Take the middle part and substitute R := (B, —).
We get a bijection Y |1 between maps f: B — C and NTs

f*:(C,—) = (B,—). The Yoneda Functor Y : C°? — Set® behaves as:

B B%~(B,-)

fi f°PT K€

C  CP(C,-)
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CWM2
III. Universals and Limits

p-59: 2. The Yoneda Lemma
p.61: Lemma (Yoneda).

c * *
r——Sr r——— Kr r+—— D(s,r)

i1 — 1o — i

D(r,—) = C(c,S—) D(r,—) —>Set(x,K—) D(r,—)— Set(x,D(s,—))

SR

D(37_>
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CWM2

ITI. Universals and Limits
p-59: 2. The Yoneda Lemma
Proposition 1

11

D(r,r) % C(e, Sr)

1,27 61, 0 L —2 s 0.(1,)
= 1Sr ou
=u
D(r,r) I C(c, Sr)
,
pl D(r.f") C(e,Sf")
D(r,—) C(s,5-)
———=D(r,7) r———=C(c,Sr) D(r,d) —— C(c, Sd)
v D(r,f')= . C(ce,Sf")= T
! J/ — ¢ aoflop l = Au.Sf ou .
d— D(r, dz | d—> C(e, Sd) 1 —2 s (1)
D(r,k)= C(c,Sk)=
kj/ = \L)\f’.kof’ ki — Ag.Skog

d +——— D(r,d) d +—C(c,Sd)

Ap-f/wl lC(cﬁf')

f, |T‘ C(C, Sd)
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CWM2

ITI. Universals and Limits
p-59: 2. The Yoneda Lemma
p.60: Proposition 2

D —— = Set
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Yoneda: GF
f A — B
Nat(yB,F) +— Nat(yA, F)
¢c = co(fo—-) : yA—=F
co(fo—)e : yAC — FC

C(C,A) — FC
g — Cat.(fog)
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(Fh)"f
= foFh

CWM2
IV. Adjoints
p.-79: Adjunctions

Fix X, A, F: X —>A G: A— X.

Then we have functors
A(F—,—): X°? x A — Set and

X(—,G—): X x A — Set.

An adjunction from X to A is a triple (F,G,¢) : X — A

where ¢ : A(F—,—) — X(—,G—) is a natural iso, i.e.,
for all x € X, a € A this is a bijection: ¢, 4 : A(Fz,a) - X(z,Ga)
and ¢ is natural in the sense that...

(F,G,p): X =~ A

F
A== X

F
Fogl <7/

|

F
Fr<——zx

Fh

h*g:=
goh

(Gk)xg

:= Gkog

A(Fa/, a)gaX(m', Ga)

(Fh)* h
A(Fz,a) 7 X(z,Ga)
A(Fz,a) £ X (z, Ga)
Ky (GEk)«

A(Fz,d) ;> X(z,Gd’)

z,a’
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(Fh)*f =
=foFh h*(¢f) =
(pf)oh
(Fh)*

. l(Gk)*

(GE)s(¢f)
=Gkopf

w gl f)
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CWM2
IV. Adjoints
p.-79: Adjunctions - the naturality of ¢

Fix X, A,F: X > A G:A—> X, (F,G,p): X —~ A

Remember that we have functors

A(F—,—): X°? x A — Set and

X(—,G—): X°? x A — Set,

and ¢ : A(F—,—) = X(—,G—) is a natural transformation (and a natural
iso)...

Let (h, k) : (z,a) — (2’,a’) be a morphism in X°P x A.

The naturality of ¢ is easier to see in this diagram:

(F,G,p): X =~ A

A X
’ F / p{a,z)
Fo' <——x A(F—’—)@’a)*)X(—aG—)@a@
Fh\L ih A(Ff,f)Uc,h)\L ix(f,cf)uc,m
R — A(F=, =)(a!,a) —= X (=, G=)(a', )
kofoFh f\L e i/gpf gkowfoh SO%EL
a l+> Ga A(Fz,a) : X(z,Ga)
k\L in A(Fh,k)\L i/X(h,Glc)
a/ }T Ga/ A(Fx/,a/) TX(IE/,GG/)
(P—l
A(F =, —) = X(-,G-) I of
@
Pra —V(
A(Fz,a) == X(z,Ga) gkopfoh
Pz,a

kofoFht——— (ko foFh)
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CWM2

IV. Adjoints

p-82: Adjunctions - interdefinabilities
(In MacLane’s notation; unrevised)

FAG, (FG ) :X—A,

F P
A4>Xv A(Fivf)HX(faG*)'
G ®

A

W

Fx-%lix
1 Y g
wfgi - i%"f

at—— Ga

A

o' —— Gad’

Fe<——zx Fa' <——1 2
Fgl lg l/h
Fo<———z f;g; FGa<—Ga w‘fﬂ(}?;joh) T
are| |y | / /inw
Fr+——GFzx a Fr+— GFx
FGa = Ga x FGar— Ga
w*ffigea)i - iidca / l" 6“l
a+——Ga Fr+—— GFx Gﬁc];?z a So(ciclgz,)
N
at+—Ga a ——— Gd'

Theorem 2. (L, R, ) : A — B is completely determined by:
(i) L, R, n, with each 74 universal
(ii) G, Fy and universal arrows 74
(iii) F,G, e with each ¢, universal
(
(

iv) F, Gy and universal arrows ¢,
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CWM2

IV. Adjoints

p-82: Adjunctions - interdefinabilities
(In my notation)

L4R, (LR}%:A—B,
L b

B<:>A» B(L_a _):A(_aR_)'
R #

LA < A

LA<——i4 4= |LRB<—RB
) nA= .
e R v
LRB<—RB A
(i'ji:)gl <~ i/idRB / im
B——RB LA+——> RLA
4w
B+——RB

17

LA < A

la

La= A

(esma)’
|

LA+—— RLA

LRB+— RB

EB\L /
fﬁ: RB=

na;Rf B 308

d

B'——= RB'

Theorem 2. (L, R, ) : A — B is completely determined by:

(i) L, R, n, with each n4 universal
(ii) G, Fy and universal arrows 74
(iii) F,G, e with each ¢, universal
(iv) F,Gp and universal arrows €,
(v
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CWM2
VI. Monads and Algebras
p-137: Monads

Fix X, T: X - X,pu:T> 5T, n:Ix >T.
Then we can make a diagram:

Y LS r—2 o Tr < T2,
T g2 T s ALy - M
nTJ \id\ luT n(Tw)J \id\ pw w(Tz)
T2 T T2 T2 — > Tax < T?x
B B T s

A monad T = (T, n, 1) in a category X is a triple as above
that obeys ponT =Ix =poTnand poTp = poul.
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CWM2

VI. Monads and Algebras
2. Algebras for a monad
p-140: T-algebras

Fix X and a monad T'= (T, n, u) in X.
A T-algebra is a pair (z,h) withz € X and h: Tax — z
that obeys id, = honz, houx =hoTh:

7% nw n

Tz T2z
h

T2z x
R\ J h LTh or idl / %
Tx T

~—Tx
h h

A morphism f: (x,h) — (2/, ') (in the category X7 of T-algebras)
is a morphism f : x — 2’ obeying foh =h'oTf.

h
r<—Tx

fl Lw

Z'/ T TCBI
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CWM2
VI. Monads and Algebras
First examples

Let M be a monoid.

We will call its identity e and its elements a, b, ¢, etc.

Multiplication in M will be written as ab.

Let Q, R, S be (arbitrary) sets.

Then T = (xM) : Set — Set and (xM,n, 1) is a monad on Set, where:
nS 8§ = SxM q wS  (SxM)YxM — SxM

s > (se) an ({s,a),b) — (s, ab).
In A-notation they are n = AS.As.(s,e) and p = AS.A((s,a),b).(s, ab).
Note that the conditions on n and u, that we gave abstractly as:

nw

nx
T Tx

T%x

Tx HT(UI) T?z <—T(M) T3z

n(Tx)L \id kur lu(Tﬂc)
N\

T2y —— Tz <~— Tz
nx nx
become:

Q> <Qa 6> <Q7 ab> <~ <<Q7 CL>, b>

(g,0) ——({g,¢),a) (¢, ab),c) =—({(q,a),b),c)

N
(g, (ab)c)

(q,qe)
{{g,a), e) (g,

(q

&l (g, a(be)) < ({g, a), be)
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CWM2
VI. Monads and Algebras
First examples (2)

Fix a monoid M and sets @, R.

An action of M onaset Qisamap h : QxM — Q
(ga) — qa

obeying g(ab) = (ga)b and ge = q.

An action of M on aset Risamap h' : RxM — R
(r,a) — qa

obeying r(ab) = (ra)b and re = r.

Note that we don’t write h or h'.
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Kan extensions in my notation

Archetypal example: the functor A : Set — Set*®
has both adjoints: Colim 4 A - Lim.

I will refer to the unit n of Colim 4 A as injs

and to the counit € of A - Lim as projs.

(B C) (B C)—= B+C
injs(B o)

(B+C' B+C)

(ExF EXF) (D D) b

Projs(g p)

(E F) (E F) ——> ExXF
Colim
Set®® <—A— Set
I —

Lim

(i i,) (.? (Z Z/)’B+C)
B+C B+C)<— B+C <« is an initial object in
( ) ]

H i i S ol

D—- (D D) (E F)<=—e

H - i l (EXF,(r '),
ExF+— (ExXF ExXF)——=(E F)<—e < is a terminal object in
(ALSE r)
S
Set Set® ——— Set** <~ ]
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Kan extensions in my notation

Archetypal example: the functor f* : Set? — Set®
has both adjoints: Colim - f* 4 Lim.

I will refer to the unit n of Colim 4 f* as injs

and to the counit € of f* 4 Lim as projs.

Cy 0 - (O 0 — Dy

' ool ool

C3 > Cy|——=|C5 > C4 D3 — Dy
1 1 \ 1 \
C5 05 — Cpo D5 — Dpo

l l ‘/ian(B B

D2 D1 — D2 D1 — Do

1 \ \ 1 1

D3 —» Dy| =<1 | D3 = Dy D3 — Dy
1 { { 1 1
D5 Dy — D6 Dy — Dg

l l LPTOJS(E F)

Es pr — B pr — Dy

1 1 1 1 1

Ey —» By | —— Es — E4 D3 — Dy
\ 1 1 1 1
Es5 Es — 1 Dy — 1

Colim
Set* ——7* Setf
Lim
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Kan extensions in my notation

AK
SK <——S

| e

al RK <——R—RangT

‘|
T
aM A% 4o

M—E .
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