Matematica Discreta

PURO-UFF - 2018.2

VR - 18/dez/2018 - Eduardo Ochs

Ambas as turmas.

Proibido usar quaisquer aparelhos eletronicos.

Erros de tipo — p.ex. confundir ntimeros com conjuntos,
listas ou valores de verdade — sdo considerados erros graves.

1) (Total: 1.0) Vamos definir a operagdo A por: AAB := (A\B) U (B\A).
Calcule (AAB)AC e AA(BAC) no casoem que A = {1,3,5,7}, B=1{2,3,6,7},
C=1{4,5,6,7}.

2) (Total: 2.0) Seja F': N x N — N a fungdo que obedece:

(F0) F(0,0) =0,

(FV) Yy € N.F(0,y + 1) = F(

(FH) Yz € N.F(z + 1,0) = F(

(FM) Ve, y e NF(z+ 1,y +1

a) (1.0 pts) Calcule F(3,3).
b) (1.0 pts) Represente graficamente os valores de F(x,y) para (z,y) € {0, 1,2, 3}

0,y) +
x, )+1O
)=F(z,y+ 1)+ F(z+ 1,y).

3) (Total: 2.0) Sejam C(a,b, ) :={ f(z) |z € {a,...,b}},

D(a,c, f):=(Vbe{a,...,c=1}.f(b+1) & C(a,d, )),

9= {(2,3), (3.4), (4,5), (5,3)}.
a) (0.5 pts) Calcule C(3,4,9).
b) (1.5 pts) Calcule D(2,5,g).

4) (Total: 3.5) Seja (x) a seguinte proposigdo: todo inteiro impar é soma de
dois inteiros consecutivos.

a) (0.5 pts) Traduza (x) para notacdo matematica.

b) (3.0 pts) Demonstre (*) no formato com “entdo”s e “suponha”s

5) (Total: 4.0) Sejam: f(k) := k- 10%, P(k) := (f(k) = 200),
g(k):==94+9-10+...+9-10¥1 h(k) :=10* — 1, Q(k) := (g9(k) = h(k)).

a) (0.2 pts) Calcule f(k) e P(k) para k € {1,2,3,4}.

b) (0.2 pts) Calcule 30, f(i) e 320, f(2i).

¢) (1.0 pts) Defina usando somatério uma fungéo s(k) que se comporte como
a funcdo g(k), e teste-a verificando se s(3) = ¢(3), s(4) = g(4), s(5) = g(5).

d) (0.2 pts) Calcule s(—2), s(—1), s(0).

e) (0.4 pts) Seja R(k) := (s(k) = h(k)). Calcule R(2), R(1), R(0), R(—1).

f) (2.0 pts) Mostre que se k € NT entdo Q(k) — Q(k + 1).
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Dicas:

{a,a+1,...} = {k€Z|a<k}

{a,a+1,...,b} = {ke€Z|a<k<b}

Nt ={1,2,...}

S, 100 =11100, 32 ,10° =0

Se P(x) = (z = 2?%) entdao P(0) =V, P(1) =V, P(2)=F

Se A, B sao conjuntos entdo A x B ={(a,b) |a € A,be B}

Se A, B séo conjuntos entdo AAB={a€ A|a¢ B}

(Flz € A.P(a)) = (Bxe€ A.P(a))AVa' 2" € AP(@)AP(&") = o' =2")
(f:A—=B) = (fCAxB)A(Vac A3be B.(a,b) € f)

Se f,g sao fungdes entao (f o g)(z) = f(g(x)), f2=fof fP=fofof
Se A, B sio conjuntos entdo BA ={f| f: A— B}

Se B é um conjunto entdo P(B)={A| AC B}

par(b) := (Ja € Z.2a = b); impar(b) :== (Ja € Z.2a + 1 = ).

Uma demonstragao com vV’ e ‘3’:
1) Suponha a € Z
2) Suponha impar(a)
3) Entao impar(a)
4) Entao 3b€Z.2b+1=a (Por 3, def)
5) Suponha b € Z,2b+1=a
6) Entao a? = (2b+1)2
= 4 +4b+1
= 2(b*+2b)+1

7) Entdo 26% + 2b € Z A 2(b% + 20) + 1 = a2

8) Entdo dc € Z.2c+1=a® (c:=2b% + 2b)

9) Entdo impar(a?)

10) Entao impar(a?) (Usa 4, fecha 5)
11) Entao impar(a) — impar(a?) (fecha 2)
12) Entdo Va € Z.impar(a) — impar(a?) (fecha 1)

Uma demonstracao por indugao:
1) Lema: Va € Z.par(a) — impar(a + 1)

2) Lema: Va € Z.impar(a) — par(a + 1)

3) Suponha n € N

4) Entdon € Z

5) Entao par(n) — impar(n + 1) (Por 1, com a :=n)
6) Entao impar(n) — par(n + 1) (Por 2, com a :=n)
7) Entao par(n) V impar(n) — par(n 4+ 1) Vimpar(n + 1) (Por 5 e 6)
8) Entéo Vn € N.par(n) V impar(n) — par(n + 1) Vimpar(n + 1) (Fecha 4)
9) Lema: par(0)

10) Entéo par(0) V impar(0)

11) Entéo Vn € N.par(n) V impar(n) (Por 10 e 8)
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Mini-gabarito (ndo revisado)

1) AAB = {1,3,5,7}A{2,3,6,7}
= ({1,3,5,7}\{2,3,6,7}) U ({2, 3,6, 7}\{1,3,5,7})
= {1,5}U{2,6}
= {1,2,5,6}
BAC = {2,3,6,7}A{4,5,6,7}
= {2,3,4,5}
(AAB)AC = {1,2,5,61A{4,5,6,7}
= {1’2747 7}
AA(BAC) = {1,3,5,7}A{2,3,4,5}
= {1,2,4,7}
2a) Veja abaixo.
9b) F(0,3)=3 F(1,3)=16 F(2,3)=60 F(3,3)=165
F(0,2) =2 F(1,2)=13 F(2,2) =44 F(3,2) =105
F(0,1)=1 F(1,1)=11 F(2,1)=31 F(3,1) =61
F(0,0)=0 F(1,0)=10 F(2,0)=20 F(3,0) =30
3a) C(3,4,9) = {g(z) |z € {3,4} } = {9(3),9(4)} = {4,5}
C(2,2,9) = {9(2)}={3}
C(2,3,9) = {9(2),9(3)} = {3,4}
C2,4,9) = {9(2),9(3),9(4)} = {3,4,5}
D(2,5,9) = Vbe{2,...,4}.9(b+1) € C(2,b,9)
= Vbe{2,3,4}.9(b+1) & C(2,b,9)
3b) = (9(2+1) ¢ C(2,2,9)A
(9(3+1) £ C(2,3,9)A

(9(4+1) ¢ C(2,4,9))

9(3) € {3} Ng(4) € {3,4} N g(5) € {3,4,5}
4¢3} N5 Z{3,4} N6 &{3,4,5}

Vv

4a) Va € Z.impar(a) > Ib € Za=0b+ (b+1)

4b) 1) Suponha a € Z, impar(a)

2) Entao impar(a)

Entdo k€ Z2k+1=a
Suponha k € Z, 2k+1=a
Entdao a =k + (k+1)
Entdo b€ Z.a=b+ (b+1)
Entdo b€ Z.a=b+ (b+1)
Entéo impar(a) - 3b€Z.a=b+ (b+1)

Entéo Va € Z.impar(a) - b € Z.a=b+ (b+1)

(b:

(usa 3, fecha 4)
(fecha 2)

)
3)
4)
5)
6)
7)
8)
9) (fecha 1)
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5a) f(0) =0, f(1) = 10, f(2) = 200, f(3) = 3000,
P(0)=F, P(1)=F, P(2)=V, P(3)=F
5b) 320, f(i) = 6543200, 5, f(2i) = 806040200.
5¢) Seja s(k) = Y2F"1 9 10°. Entdo:
s(3) = Y2709-100 = 9-10°49-10' +9-10?
= 9(3)
s(4) = YI509-100 = 9-10°49-10" +9-10% +9- 10
= g(4)
s(3) = 30739-10° = 9-10°49-10"+9-10%+9-10° + 9 10*
= g(5)
5d) s(—2) =351 9-10' =
s(—1) =3, 19107 =0
5(0) =30"39-100 =0
5¢) R(2) = (s(2) =h(2))=(99=102—1)=V
R(1)=(s(1)=h(1)=(9=10' —1)=V
R(0) = (s(0) = h(0)) = (0=10"-1) =V
R(-1)=(s(-1)=h(-1))=(0=10"t-1)=F
5f) 1) Suponha k € N*
2) Suponha Q(k)
3) Entao g(k) = h(k)
4) Entao g(k +1) — g(k) =9 - 10*
5) Entdo h(k+1) = 1051 —1
6) Entdo h(k+1) — h(k) (10F+1 — 1) — (10% — 1)

= 10-10% — 10*
= 9-10

7) (k

8) Entédo g(k) + (9(k + 1) — g(k)) = h(k) + (h(k + 1) — h(k))
9) Entao g(k + 1) = h(k +1)

10) Entao Q(k + 1)

11) Entdo Q(k) — Q(k + 1) (fecha 2)
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