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An adjunction/monad/comonad:
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The equations induced by the natural isomorphism
f* =1, ¢ = g, plus:
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The triangle identities
LnA;eLA=ids, nRB;ReB =idg.
9" := Lg;€B, ffi=nA;Rf.

A —— LA
m r]A ¢1L71A

A—1>-B—Rr>-A—-1-B A+ LA+ RLA+= LRLA

e S N
N

1]RB
B—r>A—1>B—Rr>A B> RB+= LRB+= RLRB

NS N B e



Archetypal case

Our archetypal case is a monoid M,

with elements denoted as 1,z,y, z, . . .,

that has a multiplication (associative, with unit 1).
The monoid M acts on sets called A, B,C, ...,

and action is written as a multiplication.

We want to translate our operations on M
to operations on the functor (M x).

We start with:

lr=x=2xl (1z)a = za = (z1)a
a(yz) = (zy)z  _ (2(yz))a = ((zy)2)a
z(ya) = (zy)a z(ya) = (zy)a

la=a la=a



The archetypal monad: the monoid rules
The top two lines are the “monoid rules”,

the bottow two lines are the “action rules”.

We can draw the monoid rules as a diagram:
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The monoid rules in terms of natural transformations

(@,0) ——(2,(1,a)) (z,(yz,a)) <— (,(y, (2,0)))
o
(z1,a)
(@,a)  (2(yz),q)
(1’ (ZL‘, a)) S (11‘7 a) ((vy)z,a) =<— (ny, (Zv a’))

MXAL"A>M><(M><A)<MM><(M><(M><A))

nTAl \idA i#A lMTA
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Mx(MxA) 2 MxA " Mx(MxA)




Or, more abstractly...
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Every adjunction induces a monad and a comonad
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The internal view of ReonR =idg
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