Notes on [Seely83], a.k.a.:
“Hyperdoctrines, Natural Deduction and The Beck Condition”, available at:
http://www.math.mcgill.ca/rags/ZML/ZML.PDF

These notes are at:
http://angg.twu.net/LATEX/2020seelyhyp.pdf

See:

http://angg.twu.net/LATEX/2020favorite-conventions.pdf
http://angg.twu.net/math-b.html#favorite-conventions

I wrote these notes mostly to test if the conventions above are good enough.

[See83] was one of the first papers that made me think: “wow, this is
really beautiful but it’s written in the wrong language! It shows how to
generalize something, but it doesn’t show in a way that is clear enough what
this ‘something’ is, and I find the translation between the original and the

My current favorite way of creating a version “for children” of the con-
structions in [See83] takes two steps: in the first we draw the “missing dia-
grams” following the conventions in [FavC], and in the second we draw dia-
grams with the same shapes as these, but in the “archetypal case” (IDARCT,
sec.16]). The archetypal hyperdoctrine is the fibration of subsets:

A

Set? )

l B
Cod

|

Set B

A
We usually don’t draw the vertical ‘~’s — we just draw ( é ) above B.
We abbreviate subsets defined by propositions as this:

é be B

Most of the time we will just write the ‘P(b)’ above the ‘B’ omitting the
‘b €’ and pretending that the ‘b € part is obvious to reconstruct.

In this paper Seely uses indexed categories instead of fibrations. The
translation between indexed categories and fibrations is nicely explained in
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[Jac99, p.107]; one of the directions of the translation is the Grothendieck
Construction, that takes an index category ¥ : B°» — Cat and produces an
fibration [ ¥ — B, and in the notation for defining new categories diagram-
matically in [FavC, sec.7.1] the Grothendieck Construction is this:

X (1,X)
Cat lf [ \iu’f)
Tq, WY <Y i (J.Y)
BP® B - B [~ J

Motivation: some adjunctions

It is easy to see — in the sense of visualize — that the functor that adds a
dummy variable to the context,

(.29 ) (o)
(z,y) e XxY reX

is “adjoint to the quantifiers”:

{ P(z,y) } . {Hy €Y. P(fc,y)}

(z,y) e XxY reX
P(ﬂﬁvy)'—Q(w)JJ <~ lHyEY-P(Ivy)'—Q(I)
Q(z) Q(z)
{(w,y)eXxY reX
Q(x)»—R(x,y)l <~ lQ(m)»—VyEY‘R(x,y)
R(z,y) VyeY. R(z,y)
{(:c,y)eXxY}H{ reX
31’/

P(XxY)=—=

XxY - X
See the big figure in section 13 of [IDARCT].

P(X)
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The ‘<—" in the middle of the top square in the diagram above can also
be interpreted as: if we have an intuitionistic proof of P(x,y) + Q(z) then
we can produce from it an intuitionistic proof of 3y € Y.P(x,y) + Q(z), and
vice-versa — and the same for the ‘<—’ in the middle of the lower square.

Here is how, in details, and showing also the actions of the three functors on
morphisms:

Pxy+—— Jy.Pzy

[Pay]!
e
o — Yo Zﬂ—Oé = Quy
Jy.Pry 3Jy.Qzy
Quy+— Iy.Quy v
o ; b (@
¢ Y.y > Z b —
(Egr)g T (EIQ ‘/) (Zgr)g < ( g)f (Eﬂ')-f T [ﬂq(‘)u/ Rx ]
Re e

Rr<~—Rx
T = (RET;;) ] - Jé]
Sx<~—1Sx

(Hh)h:(vf;;) MWOr | == | (HsT)k:(S, fifﬁ}

Txy——— Yy Tzy

[Tzy]!
| Vy Ty Dy
K — ay Iy = ( Toy Uy )
Vy.Uzy

Uzyr—Vy.Uxy

271'
P(XxY) == P(X)

™

(x,y)|—>x

XxY ~ X

Not everybody who knows Natural Deduction for Propositional Calculus
knows how to use quantifiers in ND... some of the rules for introduction and
elimination of quantifiers have restrictions that are (or: that I found) hard
to understand. Seely uses a system of ND that is equivalent to the one in
[Pra65], but that only allows discarding hypotheses in subtrees “with a single

hypothesis”; T find that system much easier to understand than the one in
[Pra65].
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...80, the diagram in the previous page can be used to learn and to teach
Natural Deduction with quantifiers — and we can use the adjoints to the

R(x,x") }

functor
{(x, ') e XxX

{R(az,x)} -
reX

to learn how to use the rules for equality in ND:

Pr+—— =2’ A Px
x=x' A Px
Pz
« — Yaa EAO[ = | x=a' A Pz fa
r=x' Qz
Qr — z=x' A Qx e
r=1' A Qx
f — | b “
A o PN '
(Shyg| <~ 9 (Ca)f i e

Rxx <~— Rxx'

0 — 1N

Urr——s2=2'2Ux
DIV
P(X)=a=P(XxX)
A

r—— (z,2')
X —5 > XxX
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We also have adjoints to this functor,

ARG

and they are a bit harder to build than the ones in the previous page — and

they force us to learn how to handle functions in ND.

[fr=y A Qz]!

Pr+—— 3Jz.fx=y A Px
Q@ p— Yo

Qr+——3x.fr=y A Qx

31 fr=y A Qa f b
. [fr=y A Qz]' : — >
(X0)g =z o U iy (=h) — ( g)f
Ji=z A Qx RIC 0 g w9
Rfz =Jzh
Rfr<— Ry
[Ry]*
* Py B *
T = Bie S 1 ™8 <~ B
Sfr [y:= fz]
Sfr<——Sy
[5:!/]‘
b . Vi Sy T 1" A < h
(Hrr)h‘ T Sfa ;'r:u;T' -l ( ]:;r) = (Hﬁ )k
Ja=fx W[uw T]; ™
Tx
Tex+——3x.fr=y > Tx

Y — Iy

Ur+—3z.fr=y D Ux

P(X) = P(Y)

—_—
Iy

T f
X— "™ .y

[fr=y A Px]
Pz
[fz=y A Pa]! fa
Seoi= il
Ja=y A Qu
3o fr=y A Pa 3o fr=y A Q.
Se fo=y A Qr
[f2=y A Qx]
Qz
(El’ )f — [f2=y nQu]' o
iy * fr=y Rfx
Ja. fe=y A Qx Ry
Ty !
[fz=y]' [SyP
i Sfa
(Hﬂ')k = T .
Sy  fr=yoTx
Sefa=y > Tz
[fa=y]' [fa=y>Ta]
Tz
Hﬂ'fy T U
3o fa=y > Tx Ja=y o Uz
Ju. fo=y > Uz

All this suggests that it should be possible to interpret first-order logic
in categories in which all functors of the form f* have both adjoints... but it
turns out that we need Frobenius, Beck-Chevalley, and lots of other techni-

calities.
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The adjunction 3 4 7* for children

The main diagram:

P(x,y) - JyeY. P(x,y)

GR) GR)f

f (
z,y|P(z,y)FQ(x) ~— z|3yeY. P(x, z
(3L)g <(3_L){ [Fye (;c YFQ(z)

Qz) ~————Q(a)

Ir)

*

P(XxY) P(X)

XxY B X

The ‘<>’ in the middle of the square says that z,y|P(z,y) + Q(z) is true
if and only if z|3y € Y.P(z,y) + Q(x) is true. The operation (IR) receives
an inclusion morphism

f:{ P(z,y) }ﬁ{ﬂer-P(af,y)}
(r,y) e X xY reX

and returns an inclusion morphism

(3R)f {Hy ejepjga:,y)} . {(x’;(f}g)x Y};

The operation (3L) does the reverse.

The ‘<’ is usually represented as bidirectional rule, and there’s a similar
bidirectional rule for the universal. Here they are (see [Jac99, p.230]):

reY,yeY|P(x,y) - Q(x) zeY,yeY|Q(z)r R(z,y)
xeY|IyeY.P(x,y) - Q(x) (3-mate) reY|Q(x) - Yy eY.R(x,y) (V-mate)
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The adjunction 3 - 7* for children (2)

Let’s write A;(>B for “there are no morphisms from A to B”, i.e., Hom(A, B) =
@. Let X ={0,1,2,3,4} and Y = {0,1}. Let Q(x) = (x > 3), and let’s
compare what happens for two different choices of P; in the left we have
P(z,y) = (x—y > 3), and in the right we have P(x,y) = (x -y > 1).

(3F) (3F)
90001 ———= ooo011 00— o111
!\L - \L! :(\L - l:(
00111 00111
00111 = 1 001l o1 = 1 00l
XYY Y) ™ LXYYY) ™
YYYYS —> 00000 PYTPes —_— 00000

r-—y>23 | @r) |yeY.z-y >3 r-y2>1 (3F) [JyeY.x -y >1
(z,y)eXxY reX (z,y)eXxY reX
A
22 22 22 22
(z,y)eXxY ™ reX (z,y)eXxY ™ reX

XxY B X XxY B X
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Translating the categorical rules for ‘exists’

The main diagram, again:

P(x,y) - JyeY. P(x,y)

GR) GR)f

f (
z,y|P(z,y)rQ(z) - z|3yeY. P(z,y)Q(x)
(3L)g (3L) ve g v

Qz) ~————Q(a)

Ir)

*

P(XxY) P(X)

XxY B X

Here’s how to translate the categorical rules (3R) and (3L) (the “trans-
positions”) to Natural Deduction:

[Pry]!
z,y|Pry - Q f B L f
x|qy.Pry + Qu (3R) (AR)f (3R)  (3R)f = Jz.Pry  Qu 1E): 1
L @p),
Pxy
(31)
x|3y.Pry + Qu g | 3y.Pxy
vylPryr Qe W @y O GLg=1""
Qx
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Translating the rule (3F) from ND to categories

The main diagram, again:

P(x,y) - JyeY. P(x,y)

GR) GR)f

f (
z,y|P(z,y)FQ(x) o z|3yeY. P(z,y)FQ(x)
g

Here’s how to

<

(3L)g (3L)

Qz) ~————Q(a)

Ir)

*

P(XxY) P(X)

XxY B X

translate an application of the rule (3E) from Natural

Deduction to a series of steps that are easy to interpret categorically. The

rules (o /) and (o

E) are transpositions of another adjunction. TODO: the

categorical drawings (the “missing diagrams”), and the translation of (37).

[Py [Qu]* [Re]!

Ra:SDxSx (511
[Pry]' Qz Ru Jy.Pxy Qx > (Rx > Sx) EHDR]))"ZSQ
Qx Qx > (Rx > Sx) (> E) ’
Jy.Pxy Sx (3E):1 Rz Rxr o Sz (> B)
Sz ’ = Sz
z,y|Pzy,Qr, Rx + Sx
x,y|Pry,Qxr + Rx > Sx (=1)
z,y|Pry + Qr > (Rx > St) (é}g
z|Jy.Pry+ Qr > (Rx © St) (> E)
x,y|Pry, Qr, Rx + Sx x|Jy.Pry,Qxr + Rx © Sx (> E)

E
x|3y.Pry,Qr, Rr + Sx (3E) = x|3y.Pry,Qr, Rr + Sx
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Translating the rule (37/) from ND to categories

Let’s divide (37) in two cases...

id
P(z,y) Jy.P(x,y) + Jy.P(zx,y)
dy.P(z,y) G P(z,y) - 3y.P(z,y) (3L)
Jy.P(x,y) + Jy.P(x,y) I(C;L)
P(z,b(z)) (1) Play) -3y Plry) b(z)
Jy.P(z,y) P(x,b(x)) + Jy.P(x,y)

A categorical diagram (for the two cases):

P(x,b(x)) <— P(x,y) ——— qyeY.P(z,y)

id b} |
(id,b)* (3L)id Lﬂ (3L)id <(H_L)| .

|

JyeY.P(x,y) <— JyeY.P(z,y) < AyeY.P(z,y)

> (z,b(z)) ——— =z
x— M xy—— Ty
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Bounded quantifiers

VyeY.Pxy
dy e Y.Pxy
(y.Pzy
Ny eY.Pxy
ly. Pxy

Aly e Y. Pxy

VyyeY — Pxy

dy.yeY A Pxy

PxynPxy - y=1vy

yeY Ay eYANPxynPxy -y=1vy
(Fy.Pzy) A ((Dy.Pzy)

(Fy e Y.Pxy) A (()y € Y.Pxy)
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Interpreting ND in hyperdoctrines
See pages 223-225 of [Jac99]. We have:

P(x,
{(x y§e§()xY} = x:X,y: Y+ P(x,y) : Prop
‘\ = z: X, y:Y | P(z,y) - Qy

{(x,yc)?(ey))(xY} = 2: X, y:Y+Q(y) : Prop

Two examples of translations (to sequents a la Jacobs):

[Pzy]!
el
Qzy ,y; Pry - Quy
Jy.Pry 3Jy.Qxy . x,y; Pryr+ dy e Y.Qry
Jy.Qxy = x;JyeY.Pryr JyeY.Quy
[f=y r Px]’
Px
[fr=y A Po] -
fr=y Qu
fr=y A Qux
Jx. fe=y A Px . fe=y A Qx )
dz.fr=y A Qx
x; Pr+ Qu

x,y; fr=y APx+ Px x,y; Pr+ Qu

x,y; fr=y A Px + Qx
x,y; fe=y A Pr v+ fa=y x,y; fr=y A Pr + Qx
x,y; fr=y A Pr+ fe=y A Qx
x,y; fe=y A P+ Jy.fe=y A Qu
= x; Jy.fr=y A Px+ Jy.fr=y A Qx
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Page 513 (5) (i):

vy

| — o

Q=Y

X —t.oy

B ()
If P is represented by a derivation | P

then 3, P i.r. by

3E(t=y A (&)

13

v(z) = 3E(tE=y Av(§))

lztp

p(x) —= 3=y A p(£))

oo

p(x)

tr=y ny(x)

b ) .

P tr=y Ay(x R

o) ey
tr=y A p(x) (a1
I (te=y A p(§))

In my notation:
Pr——=3P

36(te=y ~ 9()) (3£)

P(x) = 3z:X.(f(x)=y A P(z))

o

Q—3Q Q(z) — Iz:X.(f(z)=y A Q(z))
x—1l.y
[f(x)=y A P(x)]!
Pl) (AE)
g [£(2)=y A P@)]
g - Q) G
Q@ o
Ju:X.(f(x)=y A P(x)) 3w X.(f(x)=y A Q(x)) (3E):1

Je:X.(f(x)=y A Q(x))
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§3. Hyperdoctrines
(P.510):

X 2X
t*isw%slo
=

Y 1L

3¢

Cat P(X) =r=P(Y)
II¢

P

Tor T X' .YV

Main cases, in the archetypal model:

P(a,b)—3be B.P(a,b) P(c) ——=c=c' A P(c)

|~ b=
Q) Q@) Q) —— Q)

o= b=

R(a,b)—Vbe B.R(a,b) R(c)——c=c o R(c¢)

AxB—T" A C—2 . 0oxC

P(d)——3d ¢ D.(f(d)=¢ A P(d))

fo—=
QUf() Q)

b=

R(d) — Yd ¢ D.(f(d)=¢ > R(d))

f

D E
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The inverse image functor preserves products, coproducts, top, and bot-
tom:
Homy (o, t*(5A7)) Homy (¢*(8v),6)
Homy (X, BA7y) — Homy (8 v v,I1,6) ~
Homy (X, ) x Homy (X0, 7) Homy (5, 11;8) x Homy (7, I1;6)
Homy (a, t*8) x Homy (a, t*) Homy (t*3,9) x Homy (t*, )

e 2 e

e m

Homy (o, t*8 A t*) Homy (t*8 v t*v,0)
tr(BAy) 2t Batty tr(Bvy) et Bvity
Homx(Oé,t*Ty) N Homx(t*ly,é) N
Homy(EtOé,Ty) : HOmy(ly,HtCS) i

1 N 1 N
Homy (a, Tx) - Homy (Lx,0d) -
Ty 2 Tx t*ly @ 1x
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3. (5’) (ii): Beck-Chevalley

(P.511):
Choose any commuting square in the base category. Name its objects
and morphisms like this:

Xty

X’L>Y'

Then for any object ¢ € |P(Y')| we can construct a map

(BCC =), : Ept"p -t Es0.

Here’s how:
t so X%
~— |
*t’*Esgo \ 1*s*Ngp ~—8* Vs

\ s
t’*Escp 1 D5

X - Y

\ \

X’ a Y’

The Beck-Chevalley Condition says that when the base square is a pull-
back then for any ¢ € [P(Y')| the map (BCC —), is an iso.
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3. (4’) and (4”): Frobenius

(P.511):
Note that we can replace (4) by:
(4’) The “inverse image” functors ¢* preserve exponentiation.
(47) foreach t: X =Y in T, p € |P(X)|, ¥ € |P(Y)|, the morphism

(Frob =) : Zy(t* Y A p) > Y A Xy

is an isomorphism.
Condition (4”) (or (4”)) is called Frobenius Reciprocity.

It is possible to prove that (4’) implies (4”) and vice-versa. The mid-
dle diagrams in the next page have the usual high-level proof. The lower
diagrams have a lower-level proof.
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a——— Lo

—
aAt*ﬁHEt(QAt*ﬁ)(FLb_;)ZtO{/\ﬂ I
\L — \ l/ ZtOé A 5
t*/@ /B (Frob—»)T
. v ant*B—= S (ant*p)
P(X) —=P(Y) o=
B B EtOé /\/8
(Frob)i
P(X) —>P(Y) ant*Br—= T, (ant*B)
P(X)<~"—P(Y) t"(Bov)~—1B>y
i(PresExp)
6o ay t*B o try
P(X)<"—P(Y) A P
o ant Et(a/\t*ﬁ)ﬂ&a/\ﬁ Yo T
tB8 oty ty gl Boy t(B8>7)
Si(ant*f) antp /a\ Y Sianf
gl ty B2tV et (627 A= g
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§5. Construction 2: Hyperdoctrine - LPCE

(P.523):
We must now make sure that all this is justified. (...) We must check
that the introduction and eleimination rules for 3 and V are satisfied: for

example, (IE) becomes the assertation...

Y D Y P(z,y) = 3:X.P(z,y)

N N A T Plewl
e
AT — Qly) ~——Q(y) X P(r,y) Q) (3EY:1
Q(y) ’
XxY %y XxY —"—Y

P> P(z,y) — 32:X.P(x,y)

n???l Sl lid n???i Sl \Lid P(z.y)
LY
Ty Yry <S¢ v X.P(z,y) <— J:X.P(2,y) 30X P(z.y) (31)

Xxy sy X xY s Y
trp 1 Yoy @ P(t'(2),y) =<—— P(x,y) — 3x:X.P(x,y)
TS T

Ty Ly @ <Ay, o <~12r ¢ Jv:X.P(z,y) < 3v:X.P(z,y) <t Jv:X.P(x,y)

|

Ty Ly @ Ju:X.P(x,y)
ZxY —L o XxYy .Yy ZxY —1 S XxY b Y
7r§, 7r§/
Pt
(t'(2),y) (31)
Ju: X.P(x,y)

2020seelyhyp September 5, 2020 03:42



20

(P.523, equality rules):

The equality rules follow as immediate consequences of our definition of
Ex as ¥a,Tx: (R) asserts the existence of a morphism Tx - A%Xa, Tx,
which is the unit...

TxH—=2XaA,Tx T—>z=1'
(R)i <~— l/id (R)l <~ J{id
AEaTx <12a,Tx =1 <—1=0'

X2 xxX X 25 X« X
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For (sub), note that we have a morphism:

W;@AEAXTX

(Frob

<—>(Fr0b) * X * % rie *
Yax (AXm oA Tx) <—=Ya o<~ 2a A%} o —> TP

) €

P(ax") nx=x" =< x=2' A (P(2) AT)<—>z=0' A P(2) <—=2=0' A P(I)iP(I)

Let’s see how

to build its parts...

Tx! YaxTx

T

. % . % (Frob) "
AX7T2QO/\ Tx I—>ZAX(AX7T2<,0/\ Tx) =T A EAXTX

i

. —

A% Ty
X = X x X
AX;WQ =id
Afmy =id" @ id=Ax;m
ATSO AT < ATl AN TRt id" = A7y o
AYTSPAT < @ R AN
EAX(A}WE@ A T) < YAy Yaxyp < ZAXA;(WT

AXT o= Yax AXT{p

ld\L — \Lew’fap
Axmip T} X%
X 2% D xxXx_Tox

The actual form of (sub) can be easily derived from this.
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Thanks

...to (in alphabetical order): Ana Luiza Tenério, Caio Mendes, Daniel Almeida
and Victor Nascimento for lots of useful questions and comments.
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