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Rings
A ring R is a tuple (R,0,1,+, —, ) in which:

R is a set,

0 € R,

1 € R,

4+ : RxR-—R,
— : R—R,

- : RxR—R

and this (R,0,1,+, —, ) obeys several conditions.
The part (R,0,1,+,—,-) is called structure,
and the conditions are called properties.

(For more on structure and properties
see[FavC, section 7.5], [BS07, p.15]).
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Rings (2)

The symbols 0,1,4, —,- in (R,0,1,+, —, ) have
standard conventions that let us infer their
arities, types, and equations — what they have
to obey to “deserve their names”.

Also, if f: R — S is a morphism of rings then

f is a function from the underlying set of R

to the underlying set of S that obeys several
equations — for example f(a +b) = f(a) + f(b),
that is actually

Ya,b € R. f(a +r b) = f(a) +s f(b)

These things can be written in several levels of detail.
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Conventions in Category Theory

Category Theory is like that too, only much, much worse.
The notation changes a lot from one text to the other.
Most diagrams are left to the reader.

Some parts of the structure are left to the reader too...
For example (see [FavC, section 3]):

Fix a set A. Let (Ax) be the functor that takes
each object B to A x B.

This says that the action on objects of the functor (Ax) is
(Ax)o(B) = A x B, and the “the” implies that the reader
knows how to discover that the action on morphisms is:

(m,for’)

(A (BLHo)y=Ax B2 4w
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A weird idea: downcasing

This looked very natural to me when I was starting to learn
CT and Haskell by myself... it is great as an informal tool.
Btw, the paper IDARCT] is about how I tried to formalize
this idea for years, failed miserably, and then found a way
to use it for “skeletons of proofs”.

b Br+——> AxB (a,b) (a,b) = (a,c)
I fi e lef I =) ) (08
¢ Cr—=AxC (ao) T RSED)

Set L Set ?Z”’Hf <:;r,> T
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A weird idea: downcasing (2)

Downcasing and upcasing are like
lowercasing and uppercasing, but for terms and types.

Downcasing a set gives us a name for a
“typical element” of that set.
Downcasing a type gives us a name for a variable of that type.

a : A

a A

a A

b : B
(a,b) : AxB

b—c : B—=C
(a,b) = (a,c) : AxB—AxC
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Term inference is like proof search

Finding the meaning of A x f
means finding a natural construction
for7: AxB—AxC from f:B— C...

“Natural constructions” are A-terms.
This is a bit quirky. Details: [FavC, section 3].
Main diagrams:

[(a,b)]" »
[(a,b)]* b b ¢ E 'p  f
a c ™ [f(7'p)
bre (@) (mp, f(7'p))

(a,0) = (a,¢) ~ (a,b) = (a,¢) ~ Ap.(mp, f(7'p))
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[P QI

PAQL Q@  QoR
P R
Q—-R PAR
PAQ s PAR PAQSPAR
[p: AxB]!
[p: AxB]'!  a'p:B  f:B—C
mm: A f(n'p): C
f:BoC (mp, f(n'p)) : AxC

(xA)1f : AXC = AXC  ~~ (Ap:AxB.(mp, f(7'p)) : AxB — AxC !
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[p: AxB]!
[p: AxB]} n'p: B f:B—=C
A f(#'p): C
(79, J@p))  AXC
(Ap:AxB.(mp, f(7'p)) : AxB — A><C

[ab: AxB]! a = fst ab
[ab: AxB]! b: B btoc: B—C b = snd ab
a: A c:C ¢ = btoc b
= (a,c)
ac: AxC 1 abtoac = \ab -> ac
abtoac: AXxB — AxC atimes = \btoc -> abtoac

-- Translation to Haskell:
-- (with help from ski @ #haskell)
atimes :: (b -> ¢) -> ((a,b) -> (a,c))
atimes btoc = abtoac where

abtoac ab = ac where

a = fst ab
b = snd ab
= btoc b

ac = (a,c)
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Here’s how [CWM, section III.1] defines universals:

Definition. If S : D — C is a functor and ¢ an
object of C', a universal arrow from c to S is a pair
(r,u) consisting of an object r of D and an arrow
u : ¢ = Sr of C, such that to every pair (d, f)
with d an object of D and f : ¢ — Sd an arrow of
C, there is a unique arrow f’ : r — d of D with
Sflou=f.

This is too hard for my tiny brain.
Solution: I need types, diagrams,

a way to use other letters and fonts,
and examples.
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If

then
iff

C, D are categories,

S:D — C is a functor,

c € C is an object,

r € D is an object,

u: C — Sr is a morphism,
(r,u) is universal from c to S
vd € D,

Vf:C — Sd,
Af:r—dwith Sflou=f

2021lexcuse 2021febl3
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c
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It

then
iff

A, B are categories,

R: A — B is a functor,

A € A is an object,

B € B is an object,

n: A — RB is a morphism,
(B,n) is universal from A to R
vC € B,

VYg: A— RC,

Jif :B— Cwith Rfon=gyg
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n
l (univ)

B+—= RB Vg
Eufl f— lRf
VC +—— RC

B-f-A
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rpl
(univ)

Zlz) —=UZ[z] |V a”

H’fl — lRf

VR———UR
Rings Y. Set

If Set,Rings are categories,
U : Rings — Set is a functor,

(ok)

(ok: U = underlying set)
1 € Set is an object, (ok: 1= {x})
Z[z] € Rings is an object, (ok)
Tz7: 1 — UZ[z] is a morphism, (ok: Tz7(x) = x)

then (Z[z], z7) is universal from A to R
iff VR € Rings,
V'al:1— UR,
Af:Zz] > RwithUfoz?="a?  (ok: [(P

(z)) P(a))

2021excuse 2021feb13 19:35


http://angg.twu.net/math-b.html#2021-excuse-tt

Internal views

The internal view of a function:

-
f 0
1——+t1
2 V2
= V3
41 2
nt Vn
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The internal view of a functor
Above usually means inside. (CAI)
The image of a diagram above A by a functor F : A — B
is a a diagram with the same shape above B. (CFSh)
Ay FA; .,
f As Ff FA3
/g;’ /F97
Ay ih FA, ~ th
m A4 Fm FA4

A—F .B

In this case we don’t draw the arrows like A; — F A; because
there would be too many of them — we leave them implicit.
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The internal view of a functor (2)

We say that the diagram in the previous slide is an internal
view of the functor F'. To draw the internal view of the functor
F: A — B we start with a diagram in A that is made of two
generic objects and a generic morphism between them. We get
this:

C+FC
giﬂ—)\LFg
D+ FD

A B
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The internal view of a functor (3)

Any arrow of the form a — [ above a functor arrow A EBis
interpreted as saying that F' takes o to 3, or, that F'a reduces
to 8. So this diagram

Br——= AxB
fl — iAp(ﬂp,f(fr’p))
C+—— AxC

Set(A—X>)Set
defines (Ax) as:
Ax)y := AB.AXx B,
= AfAp.(mp, f(7'p)).

h
X
=
|
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The internal view of a functor (4)

Here the codomain of F' is Set, and so we can also use the
internal view of (Ax)f to define (Ax);...

B> AxB  (a,b)

fj/ — i(AX)f $ Zf

Cr=AxC  (a, f(b)) (7p, f(n'p))

(Ax)
Set — Set
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How to draw the internal view of a NT

If F,G: A — B are functors from A to B,

T : F — G is a natural transformation from F to G, and
h:C — D is a morphism in A,

then Th is a commutative square in B.

How do we visualise this?
How do we visualise this with all details?

2021lexcuse 2021feb13 19:35
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Trailer: Yoneda in a particular case
(With a representable functor... [FavC, section 7.7])

1
\L (urfiv
Zix)—U(Z[z]) | o)
0| — |ve
R— = UR
Rings U . Set
Rings(Z[z], —) < Set(1,U-)
iy

U
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Trailer: (right) Kan Extensions
(From [FavC, section 7.9])

GF ——1VG
G[/i < iEIU
vw| RF <+ R:=RanpH B VG

!
E AN

A
CH
Rang

A—L .B

CB

2021lexcuse 2021feb13 19:35
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Introduction
to Type Theory



A bit of untyped A-calculus
If h = (Aa.a-a+4) then...

h(2+3) h(5)

J |

(Aa.a-a+4)(24+3) — (Aa.a-a+4)(5)

} |

(a-a+4)a:=2+3]— (a-a+4)a:=5]

|

(2+3)-(2+3)+4

N

(2+3)-5+4

o~

5:5+4—=25+4—>29

5.(2+3)+4
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Types after Discrete Mathematics

If:
A-1{12),
B = {3,4},
C = {30,40},
D = {10, 20},
Then:
(1,3),(1,4),
Ax B:{<2,3>,<2,4>}

B—=C= { ((17,?3%))’ } , { ((i’z%))’ } ; { ((i’,é%))’ } ; { ((i’i%))’ }}
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If we know a, b, f
then we know (a, f(D)).
If (a,b) = (2,3) and f = { ((i"i%))’ }
then (a, f(b)) = (2,30).
In trees:
2,3
(a,b) o ( . ) . (.30,
(a,b) - b f app (2,3) - (4,40) app
a b 2 30

pair
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28

If we know the types of a, b, f

we know the type of (a, f(b)).

If we know the types of p, f

we know the type of (wp, f(7'p)).

If we know the types of p, f

we know the type of (Ap : A x B.(7p, f(7'p))).

(a,b) : Ax B
(a,b): Ax B b:B
a:A " F(b):C
(a, f(b) : Ax C

™

p:AxB
p:A><BTr m'p: B f:B—>Ca
mp: A f(7'p): C
(70 f0)  Ax C .
(Ap: AX B.(7p, f(7'p))) : Ax B — AxC

™

PP

pair
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Compare:
p:AXB ,
p:Ax B m'p: B T f:B%Ca
™
mp: A f(x'p): C

(o S AxC P
(Mp: AXx B.(mp, f(7'p))) : Ax B— AxC A

AN p AxB.(« ., f (7
(mp , f (@ p))
AXB :AxB :B—C :AXB

2021lexcuse 2021feb13 19:3
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30

Typing

Idea: start with lots of type variables,

look at the constraints induced by the underbraces,
try to find a substitution that works...

A\z;-(ﬂp7f(ﬂ’p))
CA tA :B tA AZCX*
—— —— A:7XD
N B=D—oE
B F=CxE
F G=A—F

:G
First step: [A := C x D]
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In the previous slide all the constraints

were red, meaning “not satisfied yet”.

Let’s mark the ones that are satisfied in green
and perform more substituions if needed...

, f (@ p )
< =~

A p (7 p
~ =~

:CxD :CxD :B :CxD CxD=0Cx
~—— N CxD= xD
N B=D—E
£ F=CxE
:F G=CxD—F
:G

Next step: {B =D E]

F:=CxF
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Let’s

Next step: [G:=C x D — C x E]

2021lexcuse 2021febl3

CxD=Cx__

CxD= xD

D—-FE=D-—FE

CxE=CxE
G=CxD—-CxEFE

19:35
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Done! Note that:

1) C, D, E are type variables,

2) this typing is universal — all other valid typing
are substitution instances of this one. For example...
(see the next page)

Exercise:
Compare our naive approach here
with the ones in [Pie02, chapter 22].
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AxC

:AXB—AxC
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Very very concrete types

A p :AxB.(mr p, f (& p))
- N

:AXB :AxXB :B—C :AXB
D T I Sl
© C:={4,5}
AXC
:AXB—AxC

Aooop o x{23k(x p . f (@ p )
~~~ ~~~ ~~ ~~
{0,1}x{2,3} H{0,1}x{2,3} {2,3}>{4,5}  :{0,1}x{2,3}
| — ———

:{0,1} :{2,3}

{4,5}
+{0,1}x{4,5}
{0,131 %x{2,3}—{0,1}x{4,5}

2021lexcuse 2021feb13 19:35
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Introduction
to the Hard Part
of Basic Type Theory
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Girard:
[GLT89] and [Girl0]

Benjamin Pierce’s book, Haskell:
[Pie02], [Zav20], [Hut16]

HOTT, Kamareddine:
[HOTT], [KLNO4]

Also:
[Som00], [BHL20]

Some of them don’t even mention »-types...
“Y-types can be constructed from II-types”
This is not trivial at alll =(
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Contexts
{ae{l,2)},be{2,3),a<b; 10a+b}
—_— ———— N N——

gen gen filt expr

context
here the context has “generators” (“var € set”)

and “filters” (“this expression must be true”).

In

A:0,B:0,C:0,p: Ax B,g: B— CF (np,g(n'p)) : Ax C

v:T v:T  v:T v:T v:T term type
context conclusion

the context is made of several declarations of the form
“variable : type”...
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Derivations in Pure Type Systems
Derivations in a PTS have lots of bureaucracy.
This is what we need to derive A:0, B:O + (Ila:A.B):0:

Foo® Feo“ Foo ¢ Feo® Feo!
——a ——a ———a wn s} wn
Fe:0 Fe:0 w Fe:0 " A0 FO:0 AOF A:© w A0 F6:0 o
A6ren 7 Zerae uD 4:6,B:0F 4:0 Y A6,BOF B6 wD
4.0, B0+ A:0 - 4:6,B:0,wAF B:© ©
I

A:0,B:O - (Ila:A.B):©

1.e.: a a a
o0 o0’ FeO
v wn
AOFO:0 AO6F A6 w A:0F6:0 v
A4:0,B:0F 4.0 Y 1o BeorBo wD
4:0,B0F A0 4:0,B:0,a:AF B:O ©

A:0,B:O F (lla:A.B):0 Heee
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Pure Type Systems: a derivation (2)
This is what we need to derive A:0 F (Aa:A.a):(Tla:A.A):

Foo ¢
. -
AOFAO ABF A:O w
AOFAO  AGF A6 A6 aAF 4D ©
AB,a:AF a:A © A:OF (Ila:A.A):© \ 000

A:OF (Aa:A.a):(Tla:A.A)

Exercise:

Read the presentation of PTSs in [KLNO04, section 4c]|.
Translate these trees to the notation of the book.

You will need a few tiny changes.
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Judgments

If we think — informally — that

O is the “set of all sets” (mnemonic: Theta for “Theths”),
then we can put these judgments for A-calculus in

a very homogeneous form...

. . . . . / .
A:0,B:0,C:0,p: AxB,g: B— CF (np,g(n'p)): Ax C
v:T vT v:T v:T v:T

term type

context conclusion

the context is a series of declarations of the form “var : type”,
and the conclusion is of the form “term : type”.
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Dependent types for children

A={0,1}, Function types and
B ={2,3}, dependent function types (II-types):
Co = {475}7 (o 2) 02) (0,3), 04)
=167} ams = {05 e {3 {60}
:A) = C,
fiA=B (a a o0
. _ ) (0,4), (0,5), (0,5),
@) € B msac, = {{Gd {05} {681 {05))
s (a:A C,
9 g(((;) ig Product types and
“ dependent pair types (X-types):
peEAxB
ﬂ’p B AxB = {(0a2)~, (0#3>7 (1’2)7 (173)}
CA)xC, =
c(@wA)xc, (@ a
e Sa:AC, = {(0.4).(0.,5), (1,6). (1L.7)}

Note: “(a: A) — C,” and “(a : A) x C,” are Agda-isms.
Many places use the terms “dependent products” and “dependent sums”.
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Typing proofs of “and” and “implies”

(@) is a proof of Q.
[Q] is the set of all proofs of Q.

[Q A R] is the set of all proofs of @ A R.
A (@ A R)) is a proof of Q A R.

A (Q A R) is a pair ((Q), (R)),

so [@ A R] = [Q] x [R].

[Q — R] is the set of all proofs of @ — R.
A (@ — R)) is a proof of Q — R.
A (@ — R)) is an operation that takes (@Q)s to (R))s,

so [Q = R] = [Q] = [R].

2021excuse 2021feb13 19:35

43


http://angg.twu.net/math-b.html#2021-excuse-tt

Typing proofs of “for all” and “exists”

. @2, (P@2))),
w = {(3, (rPEM) }
[vb:B.P(b)] W

(30:B.P(b))) = (b, (P (b))

:[3b:B.P(b)] :3b:B.[P(b)]

2021excuse 2021feb13 19:35
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CWDM: Creation of Limits, theorem V.1

Ax <— % AX ~—X
Agl < \Lzl!g Ahl/ — l/ﬂ!h,
Vo AL <——L := Cone(x, F) vr AL<~——L
(u:iv) \L i Eat((AA*7 F}) (llIl;iV) l/
Jo = Hom(Ax, P
J <A J A
Set” =—= Set Set” =—= Set

Lim Lim
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Guessing v: first attempt

( i)<%1
1—-1

Al<—+1 Ag 3lg

Agl S \LE!g AxoB
vo| ALmF<—LmF 77 <A><CB—>A><CB> < AxcB
(u[’fiv)l v
F (univ)
s (.
Set” = Set A C
Lim
? A
Set<‘ ) =~ Set

Lim

2021lexcuse 2021feb13 19:3
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In this first attempt the types don’t match...
A natural transformation

1 B
o ( i) — ( L)
1—-1 A—=C
isatriple ("a7:1—= A,"07:1 = B,"¢c":1—C),
but an element of Ax¢B is a triple (a, b, ¢)...

(I'm omitting the “obeying certain properties”!)
(Why can I do that? Long story...)
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Guessing v: second attempt

...80 let’s try to guess v, g, h by finding their types,
then finding natural constructions that yield

terms of those types, and then checking if

our guesses behave as expected...
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1 Al<—H1
Ag J{ = e
o] ve AL <—— L =Hom(Al,F)
AL
FJ F
N
Set Set? =—— Set
Lim
X AX <——VX
i l ELVVINES
TJ| vT AL <———L =Hom(AlF)
AT
(umiv)
FJ F
J_A
Set Set” = Set

im

)
2
2

0%

14
vJ
vJ

vJl

g
g%

S

€

Let’s try this:

vJl
vJ
v

g*

9
haJ*
haxJ
ha

h

Al - F T
AlJ — FJ TJ
1—-FJ TJ
FJ TJx
AL — F h
ALJ — FJ hx
L—FJ hx
FJ haJ
151 %LJ:J
L haJx
0T % =
ACLT* =
AJ LT %
l =
Axl
TJx =
A« TJx =
AN« TJx =
Az AN« TJx

2021excuse 2021feb13 19:35
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AX - F
AXJ— FJ
X —=FJ

XL

Al = F
AlJ = FJ
1= FJ
FJ


http://angg.twu.net/math-b.html#2021-excuse-tt

REFERENCES 50

References

[BHL20] A. Bauer, P.G. Haselwarter, and P.L. Lumsdaine.
“A General Definition of Dependent Type Theo-
ries”. https://arxiv. org/pdf /2009 .05539.
pdf. 2020.

[BSO7] J. Baez and M. Shulman. “Lectures on n-Categories
and Cohomology”. https://arxiv.org/pdf/
math/0608420.pdf. 2007.

[CWM] S. Mac Lane. Categories for the Working Mathe-
matician (2nd ed.) Springer, 1997.

[FavC] E. Ochs. “On my favorite conventions for drawing
the missing diagrams in Category Theory”. http:

2021excuse 2021feb13 19:35


https://arxiv.org/pdf/2009.05539.pdf
https://arxiv.org/pdf/2009.05539.pdf
https://arxiv.org/pdf/math/0608420.pdf
https://arxiv.org/pdf/math/0608420.pdf
http://angg.twu.net/math-b.html#favorite-conventions
http://angg.twu.net/math-b.html#favorite-conventions
http://angg.twu.net/math-b.html#2021-excuse-tt

REFERENCES 51

[Gir10]

[GLT89)]

[HOTT]

//angg . twu . net /math-b . html # favorite -
conventions. 2020.

J.-Y. Girard. The Blind Spot. European Mathe-
matical Society, 2010.

J.-Y. Girard, Y. Lafont, and P. Taylor. Proofs and
Types. http://www . paultaylor . eu/stable/
prot.pdf. Cambridge, 1989.

The Univalent Foundations Program. Homotopy
Type Theory: Univalent Foundations of Mathe-
matics. http://saunders.phil.cmu.edu/book/
hott-online.pdf. Institute for Advanced Study,
2013.

2021lexcuse 2021feb13 19:35


http://angg.twu.net/math-b.html#favorite-conventions
http://angg.twu.net/math-b.html#favorite-conventions
http://angg.twu.net/math-b.html#favorite-conventions
http://www.paultaylor.eu/stable/prot.pdf
http://www.paultaylor.eu/stable/prot.pdf
http://saunders.phil.cmu.edu/book/hott-online.pdf
http://saunders.phil.cmu.edu/book/hott-online.pdf
http://angg.twu.net/math-b.html#2021-excuse-tt

REFERENCES 52

[Hut16] G. Hutton. Programming in Haskell, 2nd ed. Cam-
bridge, 2016.

[IDARCT] E. Ochs. “Internal Diagrams and Archetypal Rea-
soning in Category Theory”. In: Logica Universalis
7.3 (Sept. 2013). http://angg.twu.net/math-
b.html#idarct, pp. 291-321.

[KLNO04] F. Kamareddine, T. Laan, and R. Nederperlt. A
Modern Perspective on Type Theory. Kluwer, 2004.

[Pie02] B. Pierce. Types and Programming Languages. MIT,
2002.
[Riehl] E. Riehl. Category Theory in Context. http://

www . math . jhu . edu/ ~eriehl / context . pdf.
Dover, 2016.

2021lexcuse 2021feb13 19:35


http://angg.twu.net/math-b.html#idarct
http://angg.twu.net/math-b.html#idarct
http://www.math.jhu.edu/~eriehl/context.pdf
http://www.math.jhu.edu/~eriehl/context.pdf
http://angg.twu.net/math-b.html#2021-excuse-tt

REFERENCES 53

[Som00] G. Sommaruga. History and Philosophy of Con-
structive Type Theory. Springer, 2000.

[Zav20) V. Zavialov. “Haskell to Core: Understanding Haskell
Features Through Their Desugaring”. https://
youtu.be/fty9QL4aSRc. 2020.

2021lexcuse 2021feb13 19:35


https://youtu.be/fty9QL4aSRc
https://youtu.be/fty9QL4aSRc
http://angg.twu.net/math-b.html#2021-excuse-tt

