Proposition: a morphism ¢ = (g1, g2) in Set? is a monic
if and only if its two components, g; and ¢o, are monics in Set.

With the right abbreviations, this becomes:
((g1, g2) is monic) <> (g1 is monic) A (g2 is monic)

We will use the diagrams below.

vf Y(f1,f2) V2

VA : B V(Al, Ag) (Bl, Bg) VAl Bl VAQ :; Bg
v V(f1:13) Vfl vf3
\ g \ I(g1 ,92) \ g1 \ 92
c (C1,Cy) C Cy
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[5pt] Def: By 2 ) is a monic in Set
means VAL Vf1, fi. (o fi=gofi = fi = f1)
—_—

3] /31

“gy is monic”

Def: B, £ €5 is a monic in Set
means VAV fo, f. (920 fo = g20 fo = f2= f3)
- —

Q2 B2

“gy is monic”

Def: B % C'is a monic in Set?,

ie, (By, B) ULLN (Cy, Cy) is a monic in Set?,

means VA.Vf, f'.(go f=go f — f=f),

s B
e, V(A A2). (i, f2), (f1 £3)- (91, 92) 0 (fr. f2) = (91,90) o (1. 13) = (fu. 2) = (fi. £3).
app =« Bia = B

Le, V(A1 A2).V(f1, f2), (fi, f3)- (910 fr, 920 f2) = (g10 fl, 920 f3) = (fr, f2) = (f1 1),

Le, VAL Ap. Vi fo, fl, fo- ((uo fi=gro f)) Agao fa=gao f3) = (f1= f) A (foa = f2))-
— —

a1 Q2 B B2

“(g1,g2) is monic”

We want to prove this: ((g1, g2) is monic) <> (g; is monic) A (g» is monic)
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Trick 1: make f; and f] identities. We will need A; := Bjy.
Trick 2: make f, and f} identities. We will need Ay := Bs.

V(f1,f2) (id,vf2)
= (B1, Ba) ;‘11?51 (B1,VA;) = (B, Ba)

V(A1, A2
( ) V(fi:f3) ;i:}dBl (id,Vf3)
k(ghgz) ;Bﬁ \ k(ghgz)

V(f1,f2) (Yf1,id)
V(A1, Ae) ——= (B4, By) Az=Bs (VA1, By) (By, By)

V(£1.f5) far=idp, (Vf1.,id)
f2’::id52
\ L(gl,gz) — \ t(gl«,gz)
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If we specialize “(g1, g2) is monic”
by doing A; := By, f1 :=1id, f{ :=id,
we get this:

VY ALLAY fi L fa, fl e (i 0\.[”/1_/:!]10 fi
B id id id id Q2

(€%

YA (g20 fa=g20 f3) =
—_—

(L= J)r(E=5)
id id B2
T

Bo

VAy. Y fa, f3. 00 = B

g 1s monic

so0 ((g1, g2) is monic) — (g is monic).

The proof of ((g1, g2) is monic) — (g1 is monic) is similar,

but with AQ = BQ, f2 = ld, fé = 1id.

So: ((g1,g2) is monic) — (g; is monic) A (go is monic).
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This is a proof of
((g1, g2) is monic) < (g; is monic) A (g2 is monic)
in Natural Deduction:

[ar Aao]t  [Ay, fi, fi]? g1 is monic [y A o]t [As, fo, f3]* g2 is monic

oy ap — Py Qq Qg — [
B IG5
B1 A B2
ar Aag = i A P
VAL Ag, 1, f2, 1, fo- (ca A g — Bi A B2)

(91, 92) is monic

1

2
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Page 26:

Each object C' of C gives rise to a presheaf y(C) on C, defined on “
an object D of C by Di—y(C)(D) u Di——Homg(D,C) u D—=C

Y(C)(D) = Home(D,C) ® o o o= e |
' D'—y(C)(D) y(C)(a)(u)  D'——=Homg(D',C) uoa D'

and on a morphism D' D, for u: D — C, by
op Home (=€)

¥(C)(@): Home(D,C) — Home(D', C) @ CP —— Set c Set
YO @) = woe; .
or briely, y(C) = Homc(—,C) is the contravariant Hom-functor. l .

which, up to i , are of this form are called repre-

Puoe’=
sentable presheaves or representable functors. If f: Cy — Cy is a mor- PC |iFuer  PC ac(le) e

by composition with f. This makes y into a functor D PD

phism in C, there is a natural transformation y(Cy) — y(Ca) obtained T - lp,,
y: C —Sets®”, €+ Homc(—,C) (5) C
cr P Set
from C to the contravariant functors on C (hence the exponent C°P).
It is called the Yoneda dding. The Yoneda dding is a full
and faithful functor. This fact is a special case of the so-called Yoneda y(C)(D) = Homg(D, C) —Hom(1, PD)
lemma, which asserts for an arbitrary presheaf P on C that there is \
a bijective correspondence between natural transformations y(C) — P Au.(Pu)
and elements of the set P(C): PD
0: Homg(y(C), P) —=— P(C), (6) y(C) = Homg(—,C)—~Hom(1,P—) Homg(y(C),P) a AD.Au.Puoe?
defined for a: y(C) — P by 6(a) = ac(l¢) (see [CWM, p. 61]). o P
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Definition. In a category C with finite limits, a subobject classifier
is a monic, true: 1 — Q, such that to every monic S X in C there is
a unique arrow ¢ which, with the given monic, forms a pullback square

§—1

I } @)

X eogmea

In other words, every subobject is uniquely a pullback of a “univer-
sal” monic true.

This property amounts to saying that the subobject functor is rep-
resentable (i.e., isomorphic to a Hom-functor). In detail, a subobject
of an object X in any category C is an equivalence class of monics
m: §— X to X (cf. the preliminaries). By a familiar abuse of language,
we say that the subobject is S or is m, meaning always the equivalence
class of m. Then, Subc X is the set of all subobjects of X in the cat-
egory C; this set is partially ordered under inclusion. The category C
is said to be well-powered when Subc X is isomorphic to a small set
for all X; all of our typical categories are well-powered. Now given an
arrow f: Y — X in C, the pullback of any monic m: §— X along f
is a monic m’ : §'—Y, and the assignment m — m’ defines a func-
tion Subg f: Subg X — Subc Y; when C is well-powered, this makes
Subg: C°° — Sets a functor to Sets. Briefly, Sub is a functor “by
pullback”.
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In the category of
monic and pullbacks,

§'=!

Vs 1
\\’ |

v

VX "’ Q

s
vl
X

and ¢’

(¢ 1
) () (1
Q

so 3lo.

(\) is an element of Sube(X).

( ) is an equivalence class,
X

and may not be a set.

s S 1
l E l E J‘
Y ! X——0
S’ S
I)—1
Y X
Subc(Y) Subc(f) Subc(X)

;

1

|

X — Subg(X)

fl = |Subc(f)

Y —= Subg(Y)

Y Sub,
Cov e get

(

;

s
!
X
!
g
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In Sets x Sets, an arrow is a pair of functions f: Y — X, f: Y’ —
X'. The pair of subsets (1 C 2,1 C 2) is a subobject classifier, and
the characteristic arrow of any subobject (S ¢ X, §' C X') is evidently
just the pair of characteristic functions (¢s: X — 2, ¢g: X’ — 2) from
the category Sets. Thus, there are, in 2 x 2, four “truth-values”. The
corresponding subobject classifier for Sets™ has 2" truth-values; as we
shall see, it is the Boolean algebra of all 2™ subsets of n.

For the arrow category 2 and Sets?, a subset (Sp Al 51) —{(Xo 5
X)) is a pair of subsets Sp C Xp, S; C X; with Sy C ;. Relative to
this subset S there are three sorts of elements z of Xp: Those z in Sp,

those z ¢ Sp with oz € 51, and those x with oz ¢ S;. Define ¢ox =0, 1,
or 2 accordingly. Then, ¢ on Sp, with the usual characteristic function
¢1 of 81 C X, is an arrow ¢ = (¢o, ¢1) to the object 2 displayed below,

X: Xp —2 4 X,
al m} ja. 00=0,01=0,02=1,
Q: {0,1,2} ——{0,1},

in Sets?, and Sp — S, is the inverse image of ({0} 4 {0h) =1—9Q.

In brief, this characteristic function ¢ = { @p, ¢1 ) is that arrow which
specifies whether “z is in S” is “true” always, only at 1, or never. One
may say that ¢ gives the “time till truth”.

See:

http://angg.twu.net/LATEX/2020clops-and-tops.pdf#page=29

Yy YY) ¥(S,8)——~(1,1)
/] l/' l,n/i’,\ ﬂ’ﬁ‘rl |
XX (Y)Y X) o (22)

Sets  Sets x Sets

%o % X0) ——(o.1,20 =1,

_

(Xo 2 X1) T;({11,01,00)

§= (805 8) ———— ({0} > (o)

{2»1}

= (So 5 S) ———— ({11} > {1})

z€Sy gx €S ¢ d1(ox) o Ui ox
T T 0 0 11 -1
F T 1 0 01 -1
F F 2 1 00 0
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(5.9
V((C- )l
(X, X")

{0,1})

—={1,:0}

)=

(1,1)
| true
(1,2)

|
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8. Consider a small category C. For each object B of C there
is a functor Dg: C/B — C defined by taking the domain of
each arrow to B. Hence, each T': C°? — Sets yields Tg =
T o D°P: (C/B)° — Sets. Define an exponential TS by

T5(B) = Hom = (55, T5),
with the evident evaluations eg: T5(B) x §(B) — T(B). Show

that 75 with this evaluation e is indeed the exponential in the
functor category C = Sets® i

10. Generalize Theorem 2 of Section 9 to presheaf categories. More
precisely, prove that for a morphism (i.e., a natural transforma-
tion) f: Z>Y inC= SetsC” | the pullback functor

f*: Subg(Y) — Subg(Z)

has both a left adjoint 3; and a right adjoint V. [Hint: the left
adjoint can be constructed by taking the pointwise image. De-
fine the right adjoint Vy on a subfunctor S of Z by V#(S)(C) =
{yeY(C)| forallu: D— Cin C and z € Z(D), z € S(D)
whenever fp(z) = yu}.]
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