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module 2022Cats3 where

open import Level
open import Relation.Binary.PropositionalEquality as Eq
open Eq.=-Reasoning

postulate ext : V {€ £7} {A :Set £} {B: A — Setl’} {fg: (a: A) — Ba}
- WV(a: A) = fa=ga) = f=yg

module Cats3 where

record Cat {€y ¢ : Level} : Set (suc (o U £1)) where

field
Objs : Set 4
Hom : Objs — Objs — Set ¢;
id : (D : Objs) — (Hom D D)

_o_ : {CDE: Objs}
— (g : Hom D E)
— (f: Hom C D)
—  (Hom C E)
idL : {D E: Objs}
— (¢g: Hom D E)
—(g=g = (id D))
idR : {D E: Objs}
— (g: Hom D E)
— (9= (id E) = g)
assoc : {C’D E F: Objs}
— (f: Hom C D)
— (g : Hom D E)
— (m: Hom E F)
— (m

o (gefl=(meg) =)

catSet : Cat {suc zero} {zero}

Cat.Objs catSet = Set

Cat.Hom catSet =\ 4 B— (A — B)
Cat.id catSet =X A — (A a — a)
Cat._o_ catSet=ANgf— (Aa— g(fa))
Cat.idL  catSet = \ f— refl

Cat.idR  catSet = \ f— refl

Cat.assoc catSet = A fg h — refl

catSetH : Cat {suc zero} {zero}

Cat.Objs catSetH = Set

Cat.Hom catSetH =X 4 B— (A — B)
Cat.id catSetH =X A — (A a — a)
Cat._o_ catSetH=MAgf— (A a— g(fa))
Cat.idL  catSetH = A\ f— refl
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Cat.idR  catSetH = \ f — refl
Cat.assoc catSetH = \ fg h — refl

record Functor {£y ¢1 €3 ¢35 : Level}
(catB: Cat {{o} {l1})
(catA : Cat {€3} {43})
: Set (suc (€p LI ¢4 U €2 U £3)) where

field
ac0 . (Cat.Objs catB) — (Cat.Objs catA)
acl : {C D : Cat.Objs catB}

— (Cat.Hom catB C D)
— (Cat.Hom catA (ac0 C) (acO D))
respids : {C: Cat.Objs catB}
— (acl (Cat.id catB C) = Cat.id catA (acO C))
-- respcomp : {C D E : Cat.0Objs catB}
-- — {f : Cat.Hom catB C D}
-- — {g : Cat.Hom catB D E}
-- — (acl (Cat._o_ catB g f) = (Cat._o_ catA (acl g) (acl £)))
-- R.acO C = RC
-- R.acl {C} {D} £ =R £
-- R.respids {C} : R(id C) = id(RC)
-- R.respcomp {C} {D} {E} {f} {g} : R(gof) = RgoRf

record NT {lg €1 €5 ¢35 : Level}
{catC : Cat {lo} {t1}}
{catD : Cat {3} {¢3}}
(F G : Functor catC catD)
: Set (suc (suc (¢p U €1 U £y Ul £3))) where
field
ac : (A : Cat.Objs catC)
— (Cat.Hom catD (Functor.acO F' A) (Functor.acO G A))
sqcond : {A B: Cat.Objs catC}
— (f: Cat.Hom catC A B)
— ((Cat._o_ catD (ac B) (Functor.acl F f)) =
(Cat._o_ catD (Functor.acl G f) (ac A)))
— Set
-- T.ac A : Hom(FA,GA)
-- T.sqcond {A} {B} f : TBoFf = GfoTA

postulate catA : Cat {zero} {zero}

postulate catB : Cat {zero} {zero}

postulate R : Functor catB catA

postulate A : Cat.Objs catA

postulate C : Cat.Objs catB

postulate n : Cat.Hom catA A (Functor.acO R C)
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postulate D E F : Cat.Objs catB
postulate f : Cat.Hom catB C D
postulate g : Cat.Hom catB D E

catB[C,-] : Functor catB catSetH

Functor.acO  catB[C,-] D = Cat.Hom catB C D

Functor.acl  catB[C,-] {D} {E} gf=Cat._o_catBgf

Functor.respids catB[C,-] {D} = trans (ext (A f — sym (Cat.idR catB f))) refl
-- Functor.respcomp catB[C,-] {D} {E} {F} {g} {m} = {!!'}

infix 10 _=B_
BO . Set
Bg = Cat.Objs catB

B[_,_] : Bg — By — Set

B[_,_] D E = Cat.Hom catB D E

_oB_:{DEF:By} > (B[__]FF) — (B[L_]DE)— (B[__] DF)
_oB_{D}{E} {F} mg=Cat._o_catBmyg

id_B :(D:By) —»B[._]DD

id_B D= Cat.id catB D

Set[_,_] : Set — Set — Set
Set[_,_] A B = Cat.Hom catSet A B

B[C._]o : Bp — Set

B[C,_]o £ = Functor.ac0 catB[C,-] E

B[C._]i: {DE:By} =~ (B[__]DE)— (B[__]CD)— (B[__]CE)
B[C,_]1 {D} {E} g = Functor.acl catB[C,] ¢

module On_DEF (D E F': Cat.Objs catB) where

idD . B[L_]DD

idD —id_B D

B[C,D] : Set

BIC,D] =B[C_]o D

B[C.idD]  : Set[_,_] B[C,D] B[C,D]
B[C.idD] = B[C,_]; idD

id[B[C,D]] : Set[_,_] B[C,D] B[C,D]

id[B[C,D]] = Cat.id catSet B[C,D]
Af=[idDaf] : (f: B[C,D]) — B[C.D]
Af=[idDaf] f=idD oB f

M=f . (f: BIC,D]) — BJ|C,D]

M=f f=f

Af=<idDaf=f> : (f: B[C,D]) — (idD oB f) = f
M=<idD o f=f> f= sym (Cat.idR catB f)

;B[C,idD]z[Afé[idDuf]]> . B[C,idD] = AM=[idD«f]
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<B[C,idD]=[M=[idD o f]]> = refl
<[M=[idD o f]Z[M=f]> : Af=[idD o f] = M=f
<[M=[idD a f]|J=[M=f]> = ext M= <idD o f=f>
<[\Mf=f]=id[B[CD]]>  : AM=f = id[B[C.D]]
<[M=f]=id[B[C,D]]> = refl
<B[C,idD]=id[B[C,D]]> : B[C.idD] = id[B[C,D]]
<BJC,idD]=id[B[C,D]]> = begin

B[C.idD]  =( <B[C,idD]=[\f=>[idD = f]]> )
AM=[idD o f] =( <[M=[idD o f]]=[M=f]> )
A=f =( <[M=f]=id[B[C,D]]> )
id[B[C,D]]

[

—-- (find-es "agda" "module-system")

module M = On_DEF D E F -- where
open M

-- foo : {!Set!}

-- foo = <B[C,idD]=id[B[C,D]]1>
-- trans (ext (A f — sym (Cat.idR catB f))) refl

-—= [AMf=[id:Def]]=[Af=1£] : Af=1[id:Def] = ANf=f

-— [AMf=[id:Def]ll=[Af=£] = {!!}
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