module 2022Cats6 where

open import Level
open import Relation.Binary.PropositionalEquality as Eq
open Eq.=-Reasoning

record Cat {{y ¢1 : Level} : Set (suc (o U £1)) where

infix 10 _o_
field
Objs : Set £

Hom : Objs — Objs — Set ¢4
id : {D:Objs} - (Hom D D)

_o_:{CDE:O0bjs} - (¢g: Hom D E) — (f: Hom C D) — (Hom C E)
idb : {D E:Objs} = (¢g: Hom DE) — (9= g = id)
idR : {D E:Objs} = (¢g: Hom DE) — (¢9=id = g)

assoc : {C' D E F: Objs}
— (f: Hom C D)
— (g: Hom D E)
— (m: Hom E F)
=

me(gef)=(meg)e))

]:Efﬂid :{DE:Objs} =+ {f: Hom DE} - f=foid

f=foid {D} {E} {f} = idL f

f=idef: {D E: Objs} — {f: Hom D E} — f=id o f

f=idof {D} {E} {f} = idR f

foid=f: {D E: Objs} — {f: Hom D E} — foid=f

foid=f {D} {E} {f} = sym (idL f)

idef=f: {D E: Objs} — {f: Hom D E} —id = f=f

idaf=f {D} {E} {f} = sym (idR ))

folgeh]=[fegleh: {C D E F: Objs}
— {f: Hom C D} — {g: Hom D E} — {h: Hom E F}
—ho(gef)=(heog)ef

falgahl=[f=g]=h {C} {D} {B} {F} {/} {g} (b} = assoc fg h

[fegloh=fo[goh]: {C D E F: Objs}
— {f: Hom C D} — {g: Hom D E} — {h: Hom E F}
—(hog)of=ho(gef

[feg]eh=felg=h] {C} {D} {E} {F} {f} {g} {h} = sym (assoc fg h)
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record Functor {£y £y €3 €5 : Level}
(catB : Cat {{y} {¢1})
(catA : Cat {l2} {{3})
. Set (suc (€p LI ¢4 U €o U £3)) where
module A = Cat catA
module B = Cat catB
field
ac0  : B.Objs — A.Objs
acl  : {C D:B.Objs} — (B.Hom C D) — (A.Hom (acO C) (ac0 D))
respids : {C': B.Objs} — (acl (B.id {C}) = A.id {ac0 C})
respcomp : {C' D E: B.Objs} — {f: B.Hom C D} — {¢g: B.Hom D E}
— (acl (g B.e f) = ((acl g) A.= (acl f)))

id[FC]=F[idC] : {C": B.Objs} — acl (B.id {C}) = A.id {ac0 C}

id[FC]=F[idC] { C} = respids

F[idC]=id[FC] : {C: B.Objs} — A.id {ac0 C} = acl (B.id {C})

F[idC]=id[FC] {C} = sym respids

Flgeh]=FgeFh: {C D E: B.Objs} — {f: B.Hom C D} — {g: B.Hom D E}
— (acl (g B.= f) = ((acl g) A.= (acl f)))

Flg=h|=FgaFh {C} {D} {E} {f} {g} = respcomp

FgoFh=F[gcoh]: {C D E: B.Objs} — {f: B.Hom C D} — {¢g: B.Hom D E}
— ((acl g) A.o (acl f)) = (acl (g B.= f))

FgoFh=F[goh] {C} {D} {E} {f} {9} = sym respcomp

-— How to use it:

-- R.acO C = RC

-- R.acl {C} {D} £ =R £

-- R.respids {C} : R(id C) = id(RC)

-- R.respcomp {C} {D} {E} {f} {g} : R(gof) = RgoRf
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catSet : Cat {suc zero} {zero}
Cat.Objs catSet = Set
Cat.Hom catSet A B= (A — B)

Cat.id

Cat._a_

Cat.idL
Cat.idR

catSet {A} = (A a — a)
catSet gf =(Na— g (fa))
catSet f = refl

catSet f = refl

Cat.assoc catSet f g h = refl

catSetH : Cat {suc zero} {zero}
Cat.Objs catSetH = Set
Cat.Hom catSetH A B= (A — B)

Cat.id

Cat._a_

Cat.idL
Cat.idR

catSetH {A} = (A a — a)
catSetH g f = (A a— g (fa))
catSetH f = refl

catSetH f = refl

Cat.assoc catSetH f g h = refl
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